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Abstract 

We study small disturbances to the periodic, plane Couette flow in the 3D incompressible 
Navier-Stokes equations at high Reynolds number Re. We prove that for sufficiently regular 
initial data of size e < cpRe”^ for some universal cq > 0, the solution is global, remains within 
O(co) of the Couette flow in and returns to the Couette flow as t —>■ oo. For times t > 
the streamwise dependence is damped by a mixing-enhanced dissipation effect and the solution 
is rapidly attracted to the class of “2.5 dimensional” streamwise-independent solutions referred 
to as streaks. Our analysis contains perturbations that experience a transient growth of kinetic 
energy from 0(Re~^) to O(co) due to the algebraic linear instability known as the lift-up effect. 
Furthermore, solutions can exhibit a direct cascade of energy to small scales. The behavior is very 
different from the 2D Couette flow, in which stability is independent of Re, enstrophy experiences 
a direct cascade, and inviscid damping is dominant (resulting in a kind of inverse energy cascade). 
In 3D, inviscid damping will play a role on one component of the velocity, but the primary 
stability mechanism is the mixing-enhanced dissipation. Central to the proof is a detailed analysis 
of the interplay between the stabilizing effects of the mixing and enhanced dissipation and the 
destabilizing effects of the lift-up effect, vortex stretching, and weakly nonlinear instabilities 
connected to the non-normal nature of the linearization. 
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1 Introduction 

We study the 3D Navier-Stokes equations near the Couette flow in the idealized domain (x, y, z) G 
T X M X T: if u + {y,0,0)'^ solves the Navier-Stokes equation, then the disturbance u solves 


dtu + ydxU + u ■ Vu + = I 0 1 —Vp^ + i^Au (1.1a) 

V 0 / 

Ap^^ = -diu^dju^ (1.1b) 

= —2dxU^ (1-lc) 

V • u = 0, (1-ld) 


where u = Re“^ denotes the inverse Reynolds number, p^^ is the nonlinear contribution to the 
pressure due to the disturbance and p^ is the linear contribution to the pressure due to the inter¬ 
action between the disturbance and the Couette flow. A vast effort in the applied mathematics 
and physics community has been made towards understanding the stability of laminar shear flows 
at high Reynolds number for over 130 years (see 1)1.11 and |26l [76l [8^ for references) and (11.11) is 
the simplest example, representing a fundamental, canonical problem in the field. The goal of this 
work, and the companion work m, is to advance the mathematically rigorous understanding of 
(jl.ip and, for sufficiently regular initial data, resolve several long-standing questions regarding the 
(in)stability of (jl.ip at high Reynolds number. 

1.1 History and context of new resnlts 

Understanding the stability of laminar flows and the transition to turbulence is one of the main 
objectives of hydrodynamic stability theory (see e.g. the texts [26l ESI |8l] and the references 
therein). One of the first and most influential experiments in the held were those of Reynolds [7T] 
in 1883, which demonstrated the instability of laminar flow in a pipe for sufficiently high Reynolds 
number (in fact, this work is the origin of the name Reynolds number). However, such instabilities 
appeared inconsistent with theoretical studies, which suggested spectral stability independent of 
Reynolds number for a variety of simple laminar flows, including variations of the Couette flow 
dni) studied here [Ml ISl [26]. Moreover, this spectral stability can indeed translate to nonlinear 
asymptotic stability, as has been shown in some cases [73l[26lll6l[5l]. Sometimes this apparent 
paradox is referred to as the “Sommerfeld paradox” or the “turbulence paradox” [53| • In other 
cases, even when there are spectral instabilities for high Reynolds number, the flow is sometimes 
observed to transition at much lower Reynolds number than what the eigenvalue theory predicts 
and/or exhibits a completely different kind of instability |76) IM] . This behavior is ubiquitous in 
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3D hydrodynamics and is often referred to as subcritical transition or by-pass transition in the 
fluid mechanics literature. Since the work of Reynolds, many other influential experiments (see 
e.g. [MlllSlESlEslEoKIllllolEsllSI]) and computer simulations (see e.g. [Ml EH EQl EH] and the 
references therein) on subcritical transition phenomena have been performed. 

It is natural to suggest that while the flow is technically stable for all finite Reynolds number, 
the set of stable perturbations shrinks as the Reynolds number increases, leading to transition in 
any real system at some finite Reynolds number (this suggestion goes back to Lord Kelvin |l3], or 
arguably Reynolds [H]). It is of practical importance to determine, for a specific physical system, 
the Reynolds number at which transition will likely occur. A similar question, formulated better 
for theoretical analysis, is to determine how the maximal size of stable perturbations in a given 
norm, the “transition threshold”, will scale with respect to the Reynolds number (see e.g. (HOj). For 
example, given a norm IHIjv, find a 7 = j{N) such that ||um|lAr ^ implies stability and perhaps 
such that ||um||jv ^ permits instability. Notice that the transition threshold depends on the 
norm and that different norms may result in different answers [701; at asymptotically high Reynolds 
numbers, vanishing viscosity will not suppress the high frequencies and the Couette flow can move 
information from the small scales to the large (see Remark ll. 41 below and [TO] for further discussion). 
It is also of practical interest to determine how the instability will occur if the perturbation is too 
large. To state more precisely: given a norm on the initial perturbation, (A) how large can the 
perturbation be and still result in an asymptotically stable solution and (B) if the perturbation is 
large enough, what kind of instabilities are observed? For contrast, we emphasize that for sufficiently 
regular perturbations, the 2D Couette flow does not undergo subcritical transition, and instead is 
nonlinearly, asymptotically stable (in a suitable sense) uniformly at high Reynolds number |12j and 
also infinite Reynolds number m- 

A great deal of effort has been spent on trying to determine the transition threshold and the 
nature of the instabilities for simple laminar flows (see e.g. the texts [761 [84] and the references 
therein). The linearization of (II.ip is non-normal, which means a large transient growth before 
eventual decay is possible even on the linear level. The snggestion that this is the source of the 
observed instability goes all the way back to Orr m in 1907, even though he was thinking about a 2D 
non-normal effect, called the Orr mechanism, which will not be the main cause of transient growth 
here (although it will be absolutely crucial for understanding (jl.lj) !). Instead, the main mechanism 
here for transient kinetic energy growth is the 3D non-normal effect known as the lift-up effect; see 
|29[ 148] and ^1.21 below. The work of Trefethen et. al. [80] forwarded the idea that the nonlinearity 
could interact poorly with the non-normal behavior by repeatedly re-exciting growing linear modes, 
producing a “nonlinear bootstrap” scenario. The authors discussed a low-dimensional toy model 
meant to capture certain aspects of this idea and used it to conjecture a stability threshold of e ~ 
with 7 > 1 for (jl.ip (where e is the size of the initial data). A number of works used variations of this 
idea to understand the threshold via combinations of simplified ODE models, asymptotic analysis, 
and computation [HU El Ea El [Ml El]. Various predictions have been made, ranging generally from 
1 < 7 < 7/4; for the infinite channel, the mathematically rigorous bound 7 < 4 is known |54j . 
see also the earlier work of [731116]. We also would like to emphasize that not all of these works 
consider exactly the same problem. For example, some consider boundaries in y and/or consider 
a domain which is unbounded in x. Both could potentially alter the answers. Boundary layers 
are notoriously problematic in fluid mechanics, and are known to introduce instabilities in most 
channel flows (see [261 [38] and the references therein). The prospect of removing the periodicity 
assumptions is discussed further in Remark 11.51 below. 

In this work, we prove that there exists a universal constant cq > 0 such that if the initial data 
is of size e < cqu (in a sufficiently regular sense), then the solution is global in time and converges 
back to the Couette flow as t —)• 00 . Further, we demonstrate that solutions to O) which are 
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0(e) initially can grow to be as large as O(co) before eventually decaying back to Couette flow. 
Note that the supremum in time of these solutions remains 0{cq) uniformly as —)• 0. Hence, 
for sufficiently regular perturbations, we are essentially proving that 7 = 1 . That we can still 
obtain global solutions despite of this large growth depends crucially on the stabilizing effects of the 
mixing combined with a detailed weakly nonlinear study. Due to this mixing, the x-dependence of 
the solution is damped for t > and all solutions converge to the class of “streak” solutions (see 

111.31 below). Furthermore, due to the mixing and vortex stretching, the solutions can also exhibit a 
direct cascade of energy to the small scales where it is subsequently dissipated at the time ~ 

To our knowledge, this kind of behavior in the 3D Navier-Stokes equations has not previously been 
conhrmed in a mathematically rigorous setting. The class of initial data we consider is the sum of 
a sufficiently smooth function (Gevrey-^ for s > 1/2 [M]) and a much smaller (relative to v) 
function. It should be possible to improve to or L^, but it was not our goal to be optimal 
there; actually this question is totally independent of the work we undertake here. 

The stability mechanisms which make our results possible are mixing-enhanced dissipation and 
inviscid damping. Both effects arise from the mixing effect of the background Couette flow. Inviscid 
damping was first derived on the linear level by Orr m in 1907 and was later noticed to be the 
hydrodynamic analogue of Landau damping in plasma physics [MiiTiiMiin] (hence the name, see 
e.g. [la dSl EZl El [75] for discussions on the relationship between the effects). Both are special 
cases of a more general effect known as phase mixing (see e.g. mm and the references therein). 
Inviscid damping causes decay of the velocity field in inviscid fluids via mixing of the vorticity. 
Indeed, mixing is characterized by a transfer of enstrophy to higher frequencies which then yields 
strong convergence of the velocity field via the negative order Biot-Savart law (see e.g. [Sana), in 
2D, the effect leads to the asymptotic stability (in the correct sense) of the 2D Couette flow even 
with no viscosity at all m- It is also expected to be relevant in other 2D contexts, for example, in 
understanding the stability of general 2D shear flows [ 88 | and the axi-symmetrization of 2D vortices 
| 8 |, hurricanes (SaETj, and cyclotron beams [Sa- However in 3D, due to the vortex stretching caused 
by the Couette flow (see 1)1.21 below), it only results in the decay of v?, the second component of 
the velocity. Due to the special structure of the nonlinearity in (II.I|) , this is still key for suppressing 
certain, specific nonlinear effects (see 1)2.1.41 for more discussion). 

Inviscid damping will play an important role, but enhanced dissipation via mixing is the primary 
stability mechanism at work. It was first derived in the context of by Lord Kelvin [33| (at 
least in 2D) and has been subsequently observed or studied by numerous authors in fluid mechanics 
in various settings (see e.g [721 [271 EQl [la 0 Ea E7] as well as the rigorous works 01231 [ID). 
In the 2D analogue of (II.ip . this effect causes rapid convergence of the solution on time scales 
t > to a slowly evolving shear flow, which only relaxes on time scales like t > (these time 

scales are explained in more detail below). The general intuition is that as information is mixed to 
smaller scales, the effectiveness of the viscosity is greatly enhanced in streamwise dependent modes. 
Here it will imply that the x dependence of the perturbation is damped out for t > in 

3D, the solution does not converge to a shear flow, but rather to the class of “2.5-dimensional” 
x-independent solutions to 0 , sometimes referred to as streaks (see 1)1.31 below). 

1.2 Linearized equations 

First, we detail the behavior observed on the linear level and derive the lift-up effect, linear vortex 
stretching, inviscid damping, and enhanced dissipation in the linearization of (II.ID . The linear 
behavior will naturally serve as an important guide for the full dynamics. 
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1.2.1 Linearized inviscid equations: lift-up effect, vortex stretching, and inviscid 
damping 

Since we are interested in asymptotically high Reynolds number, it is sensible to consider first the 
linearized 3D Euler equations, which read 

/-u2\ 

dtu + ydxU= I 0 1 — (1.2a) 

= —2dxU^ (l-2b) 

V • u = 0. (1.2c) 


It is often natural to consider the vorticity form of the equations, but the stretching nonlinearity 
destroys much of the simple structure of the vorticity formulation in dimension 3. However, it has 
long been known that the quantity 

= Au^, 

plays in dimension 3 for (HI) a similar role to that played by the vorticity in dimension 2. This 
unknown dates back at least to Lord Kelvin [43] and is a standard tool in considering the stability 
of planar shear flows (see e.g. [TellHlllSl] and the references therein). The distinguished role is due 
to it being a conservation law of the linear problem (for other shear flows it is no longer conserved, 
but it solves a special PDE): upon taking the Laplacian of the second component of (11.211 . we derive 

dtq^ + ydxq^ = 0. (1.3) 


If we rewind by the action of the Couette flow and define X = x — ty, write W{t, X,y, z) = 
u^{t, X, y, z), and Q^(t, X, y, z) = q‘^{t, x, y, z) and P^{t, X, y, z) = p^{t, x, y, z), then we derive 


where we are using 



dtU = { 0 - 

(1.4a) 

\ 0 / 

dtQ"^ = 0 

(1.4b) 

AiC/2 = q2 

(1.4c) 

AlP^ = -2dxU^ 

(1.4d) 

• P = 0, 

(1.4e) 


= {dx,dy - tdx,dz) 

(1.5a) 

Al = dxx + {dy - tdxf + dzz- 

(1.5b) 


Here ‘L’ stands for ‘linear’. Eor any sufficiently smooth quantity / we have from the elementary 
inequality ^ for any non-zero integer k, the following fundamental inviscid damping 

estimate for any a G [0,oo) and /3 G [0,2], 


/ 






1/2 


E 

+ P + \t] — 




< 


{ty 


WUWh^ 


+/3 5 


( 1 . 6 ) 
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where we are using to denote the Sobolev norm of order a and we are using the notation 


k{y,z) 


1 


f{x,y,z)dx, 


U = f - fo, 


(1.7a) 

(1.7b) 


where then refers to the projection to non-zero Fourier frequencies in x] see Appendix|A]for the 
Fourier analysis conventions we are taking here. 

Inviscid damping was first observed by Orr [67] in the context of 2D inviscid flows. He also 
pointed out the potential for transient growth before decay: indeed, 




k‘^ + P + \r]-kt\^' 


( 1 . 8 ) 


predicts transient growth for modes with r]k > 0: modes that are tilted against the shear. These 
modes are first un-mixed to larger scales before being subsequently mixed, eventually yielding the 
decay in (II.6p . This manifests itself in the loss of ellipticity for modes with r] = kt in Al and it 
is clear that in order to get a decay estimate like that stated in (II.6p . one cannot gain powers of 
t~^ in (|1.6p without paying regularity. We refer to a time t ^ rj/k as a critical time (Orr’s original 
terminology m) or a resonant time (modern terminology [2U[86l[871 IZS] )• This loss of regularity 
is to control the amount of information in the small scales which is to be subsequently unmixed in 
the future. See m for more discussion of the Orr mechanism. 

Returning to (|1.4p . since is conserved and (|1.6p implies the inviscid damping 

of [/2: 


\\Ul\\^^<{t)-^\\{Qjn)A\H^+^- 

In particular, this shows that the background shear flow suppresses x variations in even at infinite 
Reynolds number. In turn, this implies the inviscid damping of the linear pressure P^'. 

k {i) ||t^^||j|^iV+3 ^ i't) ||(QL)^||/^iV+5 • 

Hence, we see that and actually converge strongly as t —)• oo. We can therefore infer that in 
general, there is no inviscid damping on and In fact, this is due to vortex stretching: the 
vorticity is being mixed along with and the negative-order Biot-Savart law would imply inviscid 
damping on all components in the absence of vortex stretching, which is precisely what happens in 
2D [551113j . This is also why there is a direct cascade of kinetic energy in 3D but not in 2D. 

Next, we observe that the only contribution on the RHS of (II.4p which is not integrable in time 
is the X average of t/^. Indeed, upon taking X averages of (11.41) we derive the degenerate Jordan 
block-type system 


dtUl = -U^ (1.9a) 

dtU^ = dtUi = 0. (1.9b) 

By (II.9p . Uq grows linearly in time, and therefore the 3D Couette flow is linearly (algebraically) 
unstable in the 3D Euler equations (although classically known to be spectrally stable in the sense 
that there are no unstable eigenvalues [261184] ). Hence, we see that the instability is “non-modal”. 
To summarize the behavior of the 3D linear Euler equations we state the following (without making 
any effort to be optimal in terms of regularity): 
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Proposition 1.1 (Linearized Euler). Let Uin be a divergence free vector field with Uin S ■ Then 
the solution u{t) to the linearized Euler equations (11.21) with initial data Uin satisfies the following 
for some final state Uoo = 

|h^(i)||2 + \\u%{t,x + ty,y,z)\\^^ < {t)~^ 

\\ulL{t,x + ty,y,z) -ul^{x,y,z)\\^i < {t)~^ 

\\u^{t,x + ty,y,z) -ul^{x,y,z)\\^^ < {t)~^ 

and the formulas 

ul{t, y, z) = u]^ oiy, z) - tu^in oiv, z) (1.11a) 

ulit,y,z) = u^inoiy,z) (1.11b) 

ulit,y,z) = U^noiy^^)- ( 1 . 11 c) 

The mechanism described in (jl.llap is the lift-up effect, named so as it is caused by faster fluid 
moving down and slower fluid moving up (hence ‘lift-up’) in the shear flow and so inducing linear-in- 
time growth of the perturbation [4811291 IHOl 1791176] . The same instability is alternatively known as 
the streamwise vortex/streak instability since it is due to streamwise directed vorticity mixing fluid 
in the yz planes, which due to the background shear flow, induces the formation of perturbations 
in Uq known as “streaks”, due the streak-like appearance of the relatively fast fluid [801 ESI EHl [E] ■ 
Due to the periodicity in x, there exists a class of global, exact nonlinear solutions to (jl.ip (with 
or without viscosity) with precisely this behavior, which is the class of solutions we are referring to 
as “streaks” (see ^1.3l belowL 

Another property of the behavior in Proposition 11.11 worth emphasizing again is the inviscid 
damping in (jl.lOap . which suppresses completely all the x dependence of the component of the 
velocity field and leads to the convergence of the other components of the velocity field in (ll.lObh 
and (ll.lOcp . Note that the convergence of and in (ll.lObp shows that there is generally no 
inviscid damping of these components due to the vortex stretching and that there is a direct cascade 
of kinetic energy to high frequencies (at an approximately linear rate). This is in contrast to the 
behavior of 2D Euler, in which both components of the velocity experience inviscid damping and a 
strong convergence back to a shear flow, a behavior which is more akin to an inverse cascade m- 

1.2.2 Linearized viscous equations: enhanced dissipation 

We saw above that the linearized 3D Euler equations are indeed unstable, consistent with the 
experimental observation that laminar flows become unstable for sufficiently high Reynolds number. 
When accounting for finite Reynolds number we are now considering the linearized Navier-Stokes 
equations 


II 

(1.10a) 


(1.10b) 


(1.10c) 


/-u^\ 

dtu-\-ydxU= 1^1 ~'^P^~hnAu (1.12a) 

Ap^ = -2dxU^ (1.12b) 

V-u = 0. (1.12c) 

In (I1.12P we will find the mixing enhanced dissipation, as derived by Lord Kelvin |43] . We will see 
that as the Couette flow mixes information to small scales, the viscous dissipation has an increasing 
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effect on the solution, ultimately yielding the enhanced homogenization effect. To understand the 
origins of this effect, consider the evolution of 

dtq^ +yd:,q^ = i^Aq^, 

which, after re-writing in the variables {X,y,z) with X = x — ty and X,y, z) = q‘^{t,X + 
ty, y, z), becomes 

dtQ"^ = 

dtQ‘^{k,y,l) = -v{k^ + (?7 - ktf‘ + f)Q^{k,'q,l), 


which integrates to 


Q^{t, k, r], 1) = exp 


— V 


[\k^ 

Jo 


+ {f] — kr)"^ + l^) dr 


QUk,r],l). 


The elementary inequality f^ik^ (d ~ kr)"^ + P) dr > for k a non-zero integer gives a decay 
~ g-ci/t® £qj. gQmg c > 0 for all modes which depend on X. Essentially, since the Couette flow 
induces something like a linear-in-time transfer of information to high frequencies, the second order 
viscous dissipation behaves like an 0{vt^) damping. Combining this effect with the inviscid case 
fProDosition ll.il) gives the following: 

Proposition 1.2 (Linearized Navier-Stokes). Let Uin he a divergence free vector field with Uin G ■ 
The solution to the linearized Navier-Stokes equations u{t) with initial data Uin satisfies the following 
for some c G (0,1/3) 


and the formulas 


+ ty,y,z)\\j^^ < (f)"^ hlnWm (1.13a) 

\\ul,{t,x + ty,y,z)\\^^ < \\uin\\H7 (1.13b) 

\\u^{t,x + ty,y,z)\\j^^ < \\uin\\H7 , (1.13c) 

ul{t, y, z) = {uj^ 0 - t'U'in o) (1.14a) 

Uo{t,y,z) = (1.14b) 

Uo{t,y,z) = (1.14c) 


Proposition 1 1.2 l introduces two important time-scales: the mixing dissipation time scale 0(i/“^/^) 
and the slow dissipation time scale After 0(z/“^/^), the x dependence of the solution has 

essentially been completely damped, and the evolution is dominated by the simpler (linearized) 
streak evolution (I1.14|) . 


1.3 Streaks 

The streaks are solutions to which do not depend on x; one can verify that in this case, CH) 
reduces to 

dtN + u^dyN + u^dzN + li^idip^^ ~ \ ^ (lT5a) 

= —lijkijjkidiU^djN (1.15b) 

dyu"^ + dzU^ = 0. (1.15c) 
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Therefore, if {u^{t,y, z),u^{t,y, z)) solve the 2D Navier-Stokes (or 2D Euler) equations, then we 
may simply solve the forced, linear advection-diffusion equation for u^{t,y,z) and get an exact, 
global solution of the nonlinear dynamics (since 2D Navier-Stokes and Euler are globally well- 
posed for reasonable initial data [58]). Solutions of this general type are sometimes called “2.5 
dimensional” |58] and we will refer to this particular family as streaks. That is: 

Proposition 1.3 (Streak solutions). Let v G [0,oo), Uin G divergence free and in¬ 

dependent of X, that is, Uin{x,y,z) = Uin{y,z), and denote by u{t) the corresponding unique 
strong solution to (ini) with initial data Uin- Then u(t) is global in time and for all T > 0, 
u{t) G L°°((0, r); //®/^+(M^)). Moreover, the pair (u^(t), tt^(t)) solves the 2D Navier-Stokes/Euler 
equations on {y,z) G M x T.- 

dtu^ -I- ■ Vu* = —dip -|- (1.16a) 

dyU^ + dzU^ = 0 , (1.16b) 

and solves the (linear) forced advection-diffusion equation 

dtu^ + = -u^ + vNu^. (1.17) 

Once a streak becomes 0(1) relative to the Couette flow, the solution will generally induce 
an unstable shear flow and therefore is expected to develop a secondary instability and transition 
either to a more complicated, nonlinear time-dependent state or directly to turbulence (see e.g. 
imiTollliiiTel and [T0| for more discussion). The instability predicted by formal arguments and 
numerical or physical experiments tends to be a transverse instability that involves a large growth 
in the x-dependent modes |151[681IZQ1|76|. Therefore, if one restricts initial data to be independent 
of X, the subcritical transition threshold for (jl.ip is e ~ (that is 7 = 1), as any larger perturbation 
will produce an unstable streak that would immediately transition in a real physical setting. 

Notice that if we do not have periodicity in x, then we cannot conveniently write down exact 
streak solutions unless we make a global, infinite energy perturbation. It was shown in |l 8 | that the 
same kind of kinetic energy growth is expected also for localized disturbances in the inhnite channel 
case. However, the long-time dynamics of the localized perturbations is a little bit more complicated. 
Streaks (or localized approximations of them) have been observed experimentally |45l [30l [T 6 ] and in 
computer simulations m and have been noted to be essentially optimal excitations of the linearized 
Navier-Stokes equations, and, more or less equivalently, are expected to be on the leading edges of 
the pseudo-spectrum of the linearized Navier-Stokes equations |8ni[79|. They are widely believed 
to be crucial to understanding the transition of dni) and of other related laminar flows m- 


1.4 Statement of result 


The enhanced dissipation effect observed in Proposition 11.21 suggests that the streak solutions may 
be attractors of the nonlinear dynamics near the transition threshold. This is the essential content 
of our results here and in | 10 ] . for initial data which is not too rough. 

Our theorem requires the use of Gevrey regularity class [34|, defined on the Fourier side for 
A > 0 and s G (0,1] 


2 


/ fik,v/) 


,2\\k,v,E 


drj. 


(1.18) 


k.l 


For s = 1 the class coincides with real analytic, however, for s < 1 it is less restrictive, for example, 
compactly supported functions can still be Gevrey class with s < 1. This class has appeared in most 
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proofs involving inviscid damping [laiis] or Landau damping |19l H2l [62l [TTl [85] in nonlinear PDE 
and in these previous works is associated with the nonlinear echo resonance (see e.g. [591 ED [821 
ED ED and ^1.51 and ^2.41 - the exception is m, but the model considered therein satisfies a strong 
non-resonance condition which is not satisfied by most other physically relevant models). We will 
have to deal with 3D variants of the echoes, so the presence of Gevrey class here is not surprising, 
although it is not obvious that the 2D work HD ED and this work should both require the same 
Gevrey-2, since 2D nonlinear effects are much too weak to play a role in this work. 


Theorem 1. For all s G (1/2, 1), all \q > X' > 0, all integers a > 10, all (5i > 0, and all v G (0,1], 
there exists constants cqo = coo(s, Aq, A', a, (5i) and Kq = Kq{s, Xq, X') (both independent of v), such 
that for all cq < cqo and e < c^n, if Uin G is a divergence-free vector field that can he written 
Uin = Us + Ur (both also divergence-free) with 


PsI 


+ e 


. 3 s 

KqU 2 ( 1 -^ 


\ur\\h3 < 


(1.19) 


then the unique, classical solution u{t) to (ll.l|l with initial data Uin is global in time and the following 
estimates hold with all implicit constants independent ofn, e, t and cq." 

(i) transient growth of the streak: if t < A, 


ho(0 - {u}nO-tufno))\\ 


hoW - e 


vtA„,2 


0||gA';s + \\uo{t) — e 


I'tA 3 


OllgA'; 


<cl 

^ Coe 


(1.20a) 

(1.20b) 


(ii) uniform bounds and decay of the background streak 


hoW gA';s < min(e(t) ,co) 

(1.21a) 

||^0(^)||gA';s 

(1.21b) 

hoW gV;- - « 

(1.21c) 

hUvl < 

(1.21d) 


(1.21e) 


(Hi) the rapid convergence to a streak 


u^(t, x-^ty-i- t'ip{t, y, z),y, z 
u^(t, x + ty-i- tTp{t, y, z),y, z 
u^^{t, x + ty + tif{t, y, z),y, z 



gx'is 


< 

rsj 




< 


WtT 

e 

e 

w 


(1.22a) 

(1.22b) 

(1.22c) 


Here 'ijj{t,y,z) is an 0 {cq) correction to the mixing which depends on the disturbance (defined 
below in (I2.13P ), and satisfies 


ll^(i) - ^oW||gA';s < e(t) ^ 


(1.23) 
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Remark 1.1. We are only interested in v small, so henceforth we will without loss of generality 
assume ^ 1. 

Remark 1.2. If is such that o||gA';s > then p.2Uap shows that for cq small 

(but independent of e and u), the streak Uo(^) reaches the maximal amplitude of ||rio (^)||2 ~ 

In this sense, Theorem [1] includes perturbations which undergo dramatic growth of kinetic energy 
before decaying, so much in fact, that the solutions go from 0(e) to 0{cq) before eventually decaying. 
Hence, we are far beyond the realm of monotonically stable perturbations |26ll76j and are effectively 
on the edge of the linear/weakly nonlinear regime (as cq is independent of v). 

Remark 1.3. By the previous remark, we note that the parameter cq is essentially the maximum 
size of UQ{t). 

Remark 1.4. That we need a regularity requirement beyond, for example (finite kinetic energy 
and finite enstrophy) or (for local well-posedness) is qualitatively consistent with the experi¬ 
mental and computer simulation observations that the nature of the disturbance can be important 
for determining the threshold or pathway to transition (see [7011161 [H! and the references therein 
- in fact, the sensitivity of subcritical transition was noted by Reynolds m)- There are many 
instabilities observed in subcritical transition processes, and at lower regularity it is likely that 
other behaviors are possible besides that predicted by Theorem[T]and [TO] (for example, see [551153] 
and m for more discussion). Further, the transition threshold at lower regularities may also be 
different, as is observed in computer experiments (TO]. That being said, we make no conjecture 
either way about whether or not Gevrey-2 (in the sense of (|1.19|) ) is the lowest regularity class for 
which 7 = 1 and one only sees the streamwise vortex/streak instability. 

Remark 1.5. One would also like to be able to study unbounded channels in x. However, this is 
significantly more difficult, and the dynamics could potentially be different. The main reason for 
this is that mixing is very weak at the low ^-frequencies in unbounded shear flows. For example, 
the Landau damping effect in plasma physics is known to be very weak in x M.,, [36] [37] (and 
can sometimes fail completely). However, some formal analyses suggest that at higher frequencies 
at least, the behavior on the infinite channel will be similar to that predicted by Theorem 

An interesting by-product of the proof of Theorem [1] is the demonstration of an open set of 

solutions to (jl.Ill which exhibit a linear-in-time flux of kinetic energy to high frequencies for times 
1 

1 ^ ^ ^ ^ particular. Proposition 11.41 below quantifies that there are solutions with an 

0(e) packet of kinetic energy in and/or which for 1 <C t <C ®+'’i is roughly at length-scale 
0{t~^) (after t ~ Theorem [1] shows that it is dissipated by the viscosity). As mentioned 

above, to our knowledge, this is the first rigorous confirmation of a direct energy cascade in the 
3D Navier-Stokes equations in any setting. See ^3.31 for a proof: it is proved by taking data which 
satisfies u^,u^ = 0(e) and = O(e^). The time derivatives in (ll.25j) are showing that and 
are being moved to small scales while retaining their original profile to leading order. 

Proposition 1.4 (Direct cascade of kinetic energy). For all di > 0, there exists an open set of 

global solutions to o such that for times 1 < t v <C e there holds (with constant 
independent oft, v, and e), for all 0 < a < oo, 

(1.24) 


11 









_ 1 

More precisely, for 1 <t u <C there holds (with constants independent oft, u, and e), 

^ x + ty + tipit, y, z),y, z)) 

^ x + ty + tfjft, y, z), y, z)) 

\\u(^{t, x + ty + t%f{t, y, z),y, z) 
with -0 satisfying HV'llgA'is < et. 

Remark 1.6. Proposition 1 1 . 41 is consistent with the qualitative behavior predicted by the linearized 

1 

3D Euler equations for 1 < t <C ^+'^i. 



(1.25a) 

gX'-,s 

< eut^ + 

(1.25b) 

gx'-,s 

gx'-,s ^ ez/t. 

(1.25c) 


1.5 Discussion of Theorem [T] 

The idea that enhanced dissipation could suppress nonlinear effects in dni), and hence influence 
the stability threshold, seems to go back at least to m but is also present, at least implicitly, in 
many works, and the expectation that a large mean shear should contribute to flow stability is 
expressed in many works with varying levels of precision (for example |26l 1701 1761 [2T] and the 

references therein). However, without a detailed analysis of the interaction between the transient 
behaviors associated with non-normality and the nonlinear structure, it is not clear how to use 
these mechanisms to obtain results without any approximations. Carrying out and utilizing such 
an analysis is central to our proof (see 1)2.4p . 

The main focus of the toy models in [Ml ESI El [831 El [56] mentioned above was to study the 
interaction of the nonlinearity and the 3D lift-up effect and examine the possibility of transient 
growths bootstrapping to create instability. It is also possible to produce nonlinear bootstraps 
with the 2D Orr mechanism; see for example in 2D Euler/Navier-Stokes [821 IHTl [T3] and in 3D 
[Ml [76]. This weakly nonlinear effect is usually referred to as an echo resonance (more accurately 
a “pseudo-resonance” [HOl m), and occurs when two modes interact to excite a mode which is 
unmixing, producing a strong response later in the future (hence “echo”). Such echoes were isolated 
experimentally in 2D Euler near a vortex [861187] . These echoes are analogous to the plasma echo 
phenomenon associated with Landau damping in Vlasov-Poisson, observed earlier in [59] . The echo 
resonance is a central difficulty in the proofs of stability for 2D Couette flow in [131 [E] and in 
the proofs of nonlinear Landau damping [621 E]. In our work, we derive a new toy model which 
estimates the worst possible growth due to the leading order weakly nonlinear effects; see ^2.4l below. 
The toy model is used to understand the nonlinear interactions between the three components of 
the solution, mode-by-mode, accounting for the transient unmixing effects, the lift-up effect, the 
vortex stretching, and the stabilizing effects of the inviscid damping and enhanced dissipation. 
From the model, we derive a set of norms in order the measure the solution that are well-adapted 
to the nonlinear structure, allowing us to retain more information about the solution than would 
be possible with standard norms. 

The idea of using toy models to design special norms was inspired by the previous work on 
the 2D Couette flow in Haig (one can also find analogies with Alinhac’s “ghost weight” energy 
method m), and although the leading order nonlinear effects are different in 3D, the structure of the 
Orr mechanism will ensure that the norms we arrive at here share similarities with those in [niEi] 
(and [88]). Several other methods from the 2D works will find use here after adaptation to 3D (see 
however, the proofs are ultimately fundamentally different. Here, the enhanced dissipation is 
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the primary stabilizing mechanism and is used to control most nonlinear terms (because e < z^); in 
2D, the dissipation plays no such role and instead the inviscid damping is the primary stabilizing 
mechanism (hence why stability is possible at infinite Reynolds number [l3]). Further, regularity 
imbalancing at the critical times is far less important here than in uadi] ~ in this work it is 
not done at all and it is only done on the z component of the solution in [TO] (and it is the 
unbalancing between different components which is key). Finally, in 3D, the nonlinearity is much 
more complicated than it was in 2D, and we will need to understand all of the available cancellations. 
Of particular interest is structure which provides a kind of “non-resonance” so that the resonant 
frequencies and problematic components do not directly force each other too strongly (one may also 
draw analogy to the “null condition” from quasilinear wave equations [liiEaii]) 5 see ^2.1.41 and 
il2.4l for a discussion of some of the more obvious structures, others we might point out when they 
arise in the proof. There is also a kind of null structure in da IE], but here it is much more subtle 
and complex. 


1.6 Notations and Conventions 


We use superscripts to denote vector components and subscripts such as di to denote derivatives 
with respect to the components x, y, z (or X, Y, Z) with the obvious identification di = dx, d 2 = dy, 
and ds = dz- Summation notation is assumed: in a product, repeated vector and differentiation 
indices are always summed over all possible values. 

See Appendix 13 for the Fourier analysis conventions we are taking. A convention we generally 
use is to denote the discrete x (or A) frequencies as subscripts. By convention we always use Greek 
letters such as rj and ^ to denote frequencies in the y oi Y direction, frequencies in the x or X 
direction as k or k' etc, and frequencies in the z or Z direction as I or I' etc. Another convention 
we use is to denote dyadic integers by M, N £ 2^ where 

2 ^ — / 2~^ - - 1 2 2^ \ 

This will be useful when defining Littlewood-Paley projections and paraproduct decompositions. 
See ^4.21 for more information on the paraproduct decomposition and the associated short-hand 
notations we employ. Given a function m G we define the Fourier multiplier m(X)f by 

(m(V)/)fc(?7) = m{{ik,ir],il))fk{'n,l). 


We use the notation f Y g when there exists a constant C > 0 independent of the parameters of 
interest such that / < Cg (we analogously define f ^ g)- Similarly, we use the notation f ^ g 
when there exists C > 0 such that C~^g < / < Cg. We sometimes use the notation / g if we 
want to emphasize that the implicit constant depends on some parameter a. We also employ the 
shorthand when we mean that there is some small parameter 7 > 0 such that and that 
we can choose 7 as small as we want at the price of a constant (e.g. ||/||j;^oo < II/II_h' 3/2+). We will 
denote the vector norm \k,rj,l\ = \k\ + \r]\ + |1|, which by convention is the norm taken in our 
work. Similarly, given a scalar or vector in we denote 

(v) = (1 + ' . 


We denote the standard LP norms by ||/||p and Sobolev norms 
common use of the Gevrey-^ norm with Sobolev correction defined by 


WfWh 


,cr;s 



,2X\k,v,l\‘ 


{k,V,lf^dr, 


||(V)'"/||2. We make 
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Since most of the paper we are taking s as a fixed constant, it is normally omitted. Also, if a = 0, it 
is omitted. We refer to this norm as the norm and occasionally refer to the space of functions 


See Appendix O for a discussion of the basic properties of this norm. 

For T] > 0,we define E{rj) S Z to be the integer part. We define for t/ G M and 1 < |A:| < E{^y\^^\) 
with r]k > 0, = |i| “ 2 | A; | ( | I | +i) = + 2 | fc | ( | fc | +i) ^ 1^1 and the critical intervals 

j [%|,77>%|-i,r;] if r?A: > 0 and 1 < |A:| < F;(y^), 

\ 0 otherwise. 


For minor technical reasons, we define a slightly restricted subset as the resonant intervals 

j _ f ^k,ri 

\ 0 otherwise. 


Note this is the same as putting a slightly more stringent requirement on /c: k < 


2 Outline of the proof 

In this section we give an outline of the main steps of the proof of Theorem [T] and set up the main 
energy estimates, focusing on exposition, intuition, and organization. After ^ the remainder of 
the paper is dedicated to the proof of the energy estimates required and the analysis of the various 
norms and Fourier analysis tools being employed. 

2.1 Summary and weakly nonlinear heuristics 

2.1.1 New dependent variables 

It is common in linear and formal weakly nonlinear studies to work with {q,w'^) (the second com¬ 
ponent of the vorticity) coupled with momentum equations for the x-independent velocities (see 
e.g. [211 [76]) as these satisfy good equations and can be used to recover the other unknowns from 
the divergence free condition. However, we found this approach untenable with the new coordinate 
system we will employ below for several reasons, the primary one being that it significantly distorts 
the derivatives and hence the procedure for recovering the other unknowns while still retaining 
precise information on the regularities is far from clear (we will see that very precise information is 
necessary for the proof). Instead, we found it much more natural to define the full set of auxiliary 
unknowns (which in some sense entirely replace the role of the vorticity) g* = Art® for i = 1, 2,3. A 
computation shows that (g®) solves 

{ dtq^ + ydxQ^ + “^dxyU^ + u ■ Vg^ = —g^ -|- 2dxxu‘^ — q^djv} + dx [diuWjU^) — 2diU^dijv} + z^Ag^ 
+ ydxq^ + U ■ Vg^ = —q^djU^ + dy [diuWjU^) — 2diuWijU^ + vAq'^ 

+ ydxQ^ + ‘2dxyU^ + u ■ Vg^ = 2dzxu‘^ — q^djU^ + dz [diuWjU^) — 2diU^dijU^ vAq^. 

( 2 . 1 ) 

As seen in ^1.21 the linear terms have disappeared from the g^ equation, leaving only the nonlinear 
terms on the RHS. Note that the equations on g^ and g^ are far less favorable in that they contain 
linear terms which are associated with the vortex stretching. 
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2.1.2 New independent variables 


The need for a change of independent variables can be understood by considering the convection 
term ydxq'’+u-'S/ which appears in (j2.1|) above. Due to the mixing of the Couette flow, any classical 
energy estimates on q in (say) Sobolev spaces will rapidly grow (as seen in (ll.24p h Moreover, 
will grow like 0{e{t)) via the lift-up effect and hence could be ~ cq by t ~ Therefore, the 
component of the streak will have a major effect on the mixing and will need to be accounted for. 
A full study of the coordinate transformation is done in ^2.31 below, but let us just make a quick 
summary here. We start with the ansatz 

{ X = x-ty - t^j;{t,y,z) 

Y = y + 'ilj{t,y,z) 

Z = z, 

(this is motivated by a further requirement that have good properties in the new coordinates, 
see ^2.31 belowh Consider the simple convection diffusion equation on a passive scalar f{t,x,y,z) 

dtf + ydxf + u • V/ = uAf. 

Denoting F{t, X, Y, Z) = f(t, x, y, z) and U{t, A, Y", Z) = u(t, x, y, z), and At and V* for the expres¬ 
sions for A and V in the new coordinates, this simple equation becomes 

/— t(l -|- dyijj)u^ — tdz'ipu^ — 

dtF -h (1 dyii)v? + dzipu^ + dti^ - vAii ■ Vx,y,zF = (2.2) 

V / 


where At is a variant of At without lower order terms; it is given below in (12.lip . Eliminating Uq 
leads to the equation Uq — t{l + dyil))u^ — tdzipUQ — + vtAip = 0. We now recast this equation 

on i/j in terms of C{t,Y,Z) = 'ip{t,y,z) and an auxiliary unknown g = j{Uq — C) (this roughly 
measures the time-oscillations of (7). A variety of cancellations which take advantage of the precise 
structures give 

r dtC + Uo-VvxC = g-U^ + i^AtC, 

\ dtg + Uo • Vy,z9 = 


% - t{l + il;y)U^ - tiJzU^ 
where U = \ (1 -h lAy)!/! -h -h g 

C/3 

coordinates {Q{t, X, Y, Z) = q{t, x, y, z)). 


Coming back to (12.11) . we further derive in the new 


Qj + U- VxxzQ^ = -Q^ - ‘^d^xyU^ + ‘^dxxU^ - Q^dp^ - 2dt0d\p^ + dxidjWdp^) + vPQ^ 
Q\ ~ 

Ql 


+ u ■ Vx,y,zQ = -Q^dp^ - 2dp^dip^ + d\.{diwdp^) + uXtQ^ 

3 + C/ • Vx,y,zQ^ = -2dpu^ + 2(9^^C/2 - Q^dp^ - 2dp^djp^ + d^idp^dp^) + 


(2.4) 


We will perform most of our estimates on the coupled systems (|2.4I) and (|2.3p . recovering C/* from 
Q* using A“3 in the new coordinates. The one exception is in controlling very low frequencies of 
the velocity fields, for which we go back to the momentum formulation. 
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2.1.3 Choice of the norms 

The proof of Theorem [1] relies on a bootstrap argument, or a priori estimate, for a certain set of 
norms of the solution. The choice of the norms is extremely delicate and amounts to describing 
precisely the possible distribution of information in Fourier space for Q and C. The highest norms 
are derived from the toy model explained in ^2.41 the full rigorous definition of the norms is carried 
out in Appendix[Bl Each Q* is measured with a slightly different norm, of the form ||A*(t, V)(5*(t)||2 
where V) are special Fourier multipliers. Let us just describe the norm used to measure , 
the rest are dehned below in (|2.45l) . 


{Krj,lY 




1/2 


w{t,ri)wL{t,k,r],l) 


Ifc^omin 1, 


{riYY 


+ lfc=0 


We now comment on the different components: corresponds to a Gevrey-^ norm, with 

decreasing radius, while {k,r],a)^ gives a Sobolev correction (mainly for technical convenience). 
The next factors correspond to important physical effects and are derived in ^2.41 The factor w 
is an estimate on the “worst-possible” growth of high frequencies due to weakly nonlinear effects. 
Roughly speaking, it is taken to satisfy the following for |A:|^ < |?7| (hence ^ ^ ^ \v\)^ 


dtw{t,r]) ^ 1 


when and tc(l,??) = 1. 


By requiring that w be increasing, from Stirling’s formula this relation leads to a growth of the 
type ~ 6 2^ (up to a small polynomial correction), hence the choice of the numerator in 


9,nd the Gevrey-2 regularity requirement (see ^2.41 below for more details). The upshot of 
including the — factor in the definition of the norm is that it allows to estimate , ^ in 

ATT 

spaces of the type close to any resonant time In other words, this gives additional time 

integrability around the times at which the Orr mechanism is the strongest. The multiplier tci is a 
uniformly bounded multiplier that corrects for the anisotropy of the bounded growth experienced 
due to linear pressure effects (the L stands for ‘linear’). 

The last factor corresponds to a growth occurring for times large compared to the frequency due 
to the linear vortex stretching. That and ultimately grow at least quadratically is evident 
on the linear level: we saw in Proposition 11.11 that, due to vortex stretching, no inviscid damping 
occurs in general. That the growth can (and should) be taken only for frequencies small relative to 
time is less clear, and is explained more in ^2.41 

While the norm which was just sketched corresponds to the highest regularity estimate, estimates 
at lower regularity are also needed, in particular to quantify the enhanced dissipation. For this, 
we use an approach similar to that employed for 2D NSE in [12], and define a set of semi-norms 
of the type V)Q*|L for specially designed Fourier multipliers V) (see (12.481) below). 

For example, for Q'^: 


{D{t,rj)Y 


WL{t,k,r],l) 


min 1 


{riYY 




where D{t,r]) > hence giving the time scale of enhanced dissipation. The multiplier D is 

adapted to the fact that the enhanced dissipation slows down near critical times, another effect of 
the Orr mechanism fsee 12.461 below!. 
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2.1.4 Basic weakly nonlinear heuristics 

While the actual derivation of the estimates occupies most of this paper, and is of great complexity, 
we are guided by a few basic principles. The behavior of the solution is roughly divided into three 
phases. During the early times, t < the solution has fully 3D nonlinear effects until the 

enhanced dissipation eventually dominates. During the middle times, ^ ^ ^ tlie solution 

is mostly in ^-independent modes and is slowly growing via the lift-up effect. By the time t > 
the solution has, in general, become extremely large relative to z/ but it is also very close to a 
globally regular x-independent streak and eventually returns to Couette. At the middle and later 
times, the goal is to prove that the solution retains this special structure. 

There are several nonlinear mechanisms which have the potential to cause instability and many 
have been proposed as important in the applied mathematics and physics literature for understand¬ 
ing transition, see e.g. [MllSQllZQlEe] and the references therein. We are particularly worried about 
so called “bootstrap” mechanisms [80l EH ESI [I3j: nonlinear interactions that repeatedly excite 
growing linear modes. We will classify the main effects by the x frequency of the interacting func¬ 
tions: denote for instance 0 - 7 ^ —)• 7 ^ for the interaction of a zero mode (in x) and a non-zero mode 
(in x) giving a non-zero mode (in x), and similarly, with obvious notations, 0 • 0 —)• 0 , 7 ^ • 7 ^ ^ 7 ^, 
and 7 ^ • 7 ^ —)• 0 . 

(2.5NS) (0 • 0 — 7 - 0) For 2.5D Navier-Stokes, this corresponds to self-interactions of the streak. This 
interaction is not the most worrisome, however, we will need to get reasonable decay estimates 
on the streak. 


(SI) (0- 7 ^ —> 7 ^) For secondary instability, this effect is the transfer of momentum from the large 
Uq mode to other modes (actually Uq and Uq also matter, but less). These involve a zero 
frequency and non-zero frequency k interacting to amplify the same mode k, or the k mode 
of a different component, e.g. Uq and u\ together force These interactions are those that 
arise when linearizing an x-dependent perturbation of a streak and so are what ultimately give 
rise to the secondary instabilities observed in larger streaks (hence the terminology) |70l [ 2 T] . 

(3DE) ( 7 ^ • 7 ^ —)■ 7 ^) For three dimensional echoes, these effects are 3D variants of the 2D hydro- 
dynamic echo phenomenon as observed in M EZ]: nonlinear interactions of x-dependent 
modes forcing unmixing modes [HIlEIKIl] - a nonlinear manifestation of the Orr mechanism 
(also recall from 1)1.21 that this mostly involves frequencies in x and y). In 3D, this is still 
important and the range of possible interactions is much wider (see e.g. [Ml EB] and ^2.41 
below). This involves two non-zero frequencies ki, k 2 interacting to force mode ki k 2 with 
ki,k 2 ,ki + k 2 7 ^ 0. Since these involve the interaction of only non-zero frequencies, they should 
only be problematic for short times: 
enhanced dissipation. 


for t > V this effect should be wiped out by the 


(F) ( 7 ^ • 7 ^—)• 0) For nonlinear forcing, this is the effect of the forcing from x-dependent modes 
back into x-independent modes. This involves two non-zero frequencies k and —k interacting 
to force a zero frequency (in general this could involve a variety of the components). Similar 
to (3DE), this effect is over-powered by the enhanced dissipation after t > 


All of these are coupled to one another, and one can imagine bootstrap mechanisms involving 
several of them (e.g. Uq forces a non-zero mode which unmixes and then strongly forces Uq which 
strongly forces Uq via the lift-up effect and repeat: (SI) ^ (3DE) ^ (F) ^ (SI)). It is the need 
to consider exactly these kinds of nonlinear bootstraps that eventually precipitates the Gevrey-2 
regularity requirement, as we will derive formally in ^2.41 (although one can derive the regularity 
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requirement using just the interaction between (SI) and (3DE)). In i)2.4l we derive a special “toy 
model” meant to model the worst possible growth in Q caused by these effects, and then use it 
to derive the norms A^. These specially adapted norms allow us to retain the maximal amount of 
control over the solution, despite the possible de-stabilizing effects. 

There are various ways in which the special structure of the nonlinearity is key to the proof 
of Theorem dJ The simplest such structure can be seen in the ubiquitous in (j2.4p . This will 
balance the bad with the best derivative dx whereas will pair with the dy , so that the inviscid 
damping in U‘^ will balance the time-growth (indeed, this is reason inviscid damping is important in 
the proof of Theorem [T|). Much more subtle structural properties, such as the way different resonant 
and non-resonant frequencies interact, will become apparent in ^2.41 and elsewhere in the proof (and 

m)- 

Now that we have some intuition about the approach, we now begin a detailed outline of the 
proof of Theorem [T] and set up the main energy estimates. 

2.2 Instantaneous regularization and continuation of solutions 

To begin the full proof of Theorem [H the first step is to see that our initial data becomes small in 
(for an appropriate A) after a short time. The proof is a straightforward variant of existing 
parabolic regularizations, see ^for a brief sketch. 

Lemma 2.1 (Local existence and instanteous regularization). Let Uin G Lp' satisfy (I1.19p . Then 
for all V G (0,1], cq sufficiently small, Kq sufficiently large, and all Aq > A' > 0, if Uin satisfies 
(ll.lOp . then there exists a time = t*(s, LCq, Aq, A') > 0 and a unique classical solution to (|l.ip 
with initial data Uin on [0, t*] which is real analytic on (0,t*], and satisfies 

sup \\u{t)\\g-^ < ^e, (2.5) 


where A = ^ 

Once such a solution exists, we will be able to continue it and ensure also that it propagates real 
analyticity as long as a certain Sobolev norm remains hnite. This will allow us to rigorously justify 
our a priori estimates and make sure the solution to our transformed system corresponds to the 
solution of (jl.ll) . Analyticity itself is not important, the main point is that the solution propagates 
some regularity a few derivatives higher than the Gevrey-'f that we are working in below so that 
we may easily justify that the norms we are considering take values continuously in time. 

Lemma 2.2 (Continuation and propagation of analyticity). Let T > 0 be such that the classical 
solution u{t) to (jl.ip constructed in Lemma{2A\ exists on [0,T] and is real analytic for t G (0,T]. 
Then there exists a maximal time of existence Tq with T < Tq < oo such that the solution u{t) 
remains unique and real analytic on (0,To). Moreover, if for some t < Tq and a > 5/2 we have 
limsup^^.,- ||ri(t)||//(T < oo, then r < Tq. 

2.3 Q* formulation, the coordinate transformation, and some key cancellations 

The next step in the proof of Theorem[T]is the observation that if we are to get good estimates, then 
we need to remove the fast mixing action of both the Couette flow and the background streak. The 
approach is inspired by the coordinate transforms of nans], however, here it will be signihcantly 
different due to the lift-up effect, the z dependence, and the different kind of estimates we require. 
Our coordinate system needs to satisfy three features for the proof to work: 
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1. the relative velocity field in the new variables must be time integrable or 0(e) (so that the 
dissipation can control it) as otherwise one cannot propagate uniform estimates for t —)• oo; 

2. we need to be able to treat the Laplacian in the new coordinates as a perturbation from A^, 
so that we can take advantage of the inviscid damping and enhanced dissipation effects; 

3. we need to be able to make practical estimates on the behavior of the coordinate system and 
the coordinate transformation needs to treat the dissipation in a natural way. 


The second requirement will translate to a need to get derivatives of the form (dy — tdx)-, as opposed 
to something like (dy — tC{Y, Z)dx), which we do not know how to treat (in particular, it is not 
obvious how to isolate the critical times). For this to happen, we need the coordinate transform to 
be of the form: 


X = x-ty- t'if(t,y,z) 

(2.6a) 

Y = y + ilt(t,y,z) 

(2.6b) 

Z = z. 

(2.6c) 


We could imagine also changing the z variable, but we want our coordinate system to be as simple 
as possible (although we will do this in |10]1. Notice that Y has units of velocity, indeed, we have 
transformed this coordinate not to measure the vertical location but instead to measure a sort of 
time-average of the shear velocity. Provided i)) is sufficiently small in a suitable sense, one can invert 
(12.6h for X, y, z as functions of X, Y, Z (see ^ below for more information). In what follows, denote 
the Jacobian factors (by slight abuse of notation), which, in some sense, measure space and time 
variations in the background mixing flow (y + tig, 0,0) (note that Z = z in (12.6j) ): 

Mt,Y,Z) = dMt,y(t,Y,Z),Z) 

^l;y{t,Y,Z) = dy^(t,y{t,Y,Z),Z) 

Mt,Y,Z) = d,i^(t,y{t,Y,Z),Z). 

In what follows we will usually omit the arguments of y(t, Y, Z) and use a more informal notation, 
such as ijjtit, Y, Z) = dtil^(t, y, z). 

Next we determine '0. As in 1)2.1.21 for motivation, imagine now a passive scalar transport 
equation in a perturbation of the shear flow: 


dtf + ydxf + u-Vf = uAf. 


(2.7) 


Denoting F(t, X, Y, Z) = f(t, x, y, z) and U(t, X, Y, Z) = u(t, x, y, z), we can check that the deriva¬ 
tives transform according to 

dtf = (dt + i^tdy - ydx - ii(tfj)dx)F 

dxf = dxF 

dyf = (1+ il;y)(dY -tdx)F 
, dzf = (dz + f^zidy - tdx))F. 


It will be useful to define notation for the (x, y, z) derivatives in the new coordinate system 


5^ 

At 


4 = (1 


dx 

(2.8a) 

(l + i}y)(dy -tdx) 

(2.8b) 

dz + 'f’zidy - tdx) 

(2.8c) 

(dx,d(y,d%)'^. 

(2.8d) 
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Note that necessarily these derivatives commute. The transport equation (12.7p in the new coordinate 
system is given by (it will be more clear to keep 'ip and its derivatives in (y, z) for a moment) 


/v} - + dy'p)v? - tdzipu^ - 

dtF + (1 + dy^v? + + dt'ip • V x,y,zF = i^AtF, (2.9) 

V / 

where the upper-case letters are evaluated at (X, Y, Z) and the lower case letters (including ip and 
its derivatives) are evaluated at {x,y,z), and we are denoting 

AtF = dxxF + 4 {dyF) + 4 {dzF) • ( 2 - 10 ) 


Note that 


AtF = dxxF + ((1 + dy'ipf + {d^ipf) {dy - tdxfF + dzzF 
+ 2dz'ipdz{dY - tdx)F A'0((9y - tdx)F, 


and denote 


AtF = AtF - AiPidy - tdx)F. 


Then, (|2.9p becomes 


dtF + 



t(l -|- dy'ip)v? — tdzpJvP’ — ^{tip) + vtAip 

(1 -|- dy'ip)u‘^ + dzipu^ + dtip — vA'p! 


'^x,y,zF 


vAtF. 


( 2 . 11 ) 


( 2 . 12 ) 


Velocity fields of the type appearing in (I2.12p will henceforth be referred to as “relative velocity 
helds”. With the lift-up effect in mind, it is the X average of the hrst component which can grow 
to 0(1) sizes and does not decay appreciably, whereas x dependent modes will be suppressed by 
inviscid damping and enhanced dissipation. Hence, we derive 

ul — t{l + dyip) Uq — tdzipUQ — = —vtAip (2.13a) 

lim t'(/;(t, y, z) = 0. (2.13b) 


The form of the dissipation on the RHS of ()2.13al) will also ensure that the evolution equations we 
derive next have a natural dissipative term, rather than an unnatural loss of derivatives. 


In what follows, we denote 


C{t,Y,Z) = 'ip{t,y,z). 

(2.14) 

From the chain rule we derive: 


Ipy = dyC = (1 + Ipy) dyC 

(2.15a) 


P^z = d^zC = dzC + xPzdyC 

(2.15b) 


ipt = dtC -1- iptdyC, 

(2.15c) 
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and hence, if C is small in the appropriate norm, then we can write 


■02 




dyC 
1 - dyC 


dzC 

l-dyC 


dtC 

1-dyC 


dyCj2idYCy 

j=0 

(2.16a) 

00 

dzCj2idYcy 

j=0 

(2.16b) 

00 

dtcj2idYcy. 

(2.16c) 


j=0 


From the chain rule together with (I2.13ap . we derive 

a,c + (<‘ + + 0 f» + * - ■ Vy,zc = i (c/„‘ - tuS - c) + .A,a (2,17) 


Estimates on C via ()2.17p will enable us to get estimates on the Jacobian factors through (|2.16p . 
However, based on the behavior suggested by the linear problem in ^1.21 it is not clear that the linear 
terms on the right hand side of (I2.17P are decaying fast enough. A similar issue arose in |13l [12] 
where good estimates on the coordinate system required additional estimates on the background 
shear flow. In a similar spirit, we will define another auxiliary unknown g which, roughly speaking, 
is a measure of the time oscillations of the x component of the streak: 


9 = J (f^o - C). 


Taking x averages of dm) and using ()2.8p . we get 

dtUl + p + • Vy,zUl = -ui - {U^ • 

Therefore, together with (|2.17p . we derive the following evolution for g: 


Ur, 


'^Y,Z9 = - jg + lyAtg. 


(2.18) 


(2.19) 


( 2 . 20 ) 


The most crucial observation here is that the lift-up effect terms canceled. This allows us to make 
good estimates on the regularity of g and, in particular, a decay estimate using the linear damping 
term in (I2.20p . In turn, this gets us good control on C via (|2.17l) . Note that A0 = AjC, and hence 
it will be the following relative velocity field that will govern our equations: 


H = (1 + 0j,)172 + + vAtC , 

V U^ ) 


From ()2.17l) . ()2.18l) and (|2.15cl) we derive 

- vAtC = g -Uq 


(1 + 0 , 


Hn + 02 


yJ '-'0 

ui 


TT^ 

‘^0 


'^Y,zC. 


( 2 . 21 ) 


( 2 . 22 ) 


We see that the vAiC factor cancels with the similar term in in (I2.2ip . Further, from (j2.15p . 
we have the following convenient cancellation: 


Uo = (0y - UyC - il)ydyC)UQ + 5 + (02 - il^zdyC - dzC)Uo = g. (2.23) 
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It follows that the relative velocity is very different depending on whether we are considering the 
zero mode or not: 

/0\ /U^-t{l + ^l;y)U^-t^P,U^\ 

U = Uo + U^= \ g \ + \ (1 + (2.24) 

Wo7 V / 

(it is worth noting that ■ Vx,Y,z = ■ V*). To see that U is really the relative velocity, we first 

begin with C. Putting (I2.22p together with (I2.18P and (|2.17l) we derive, 

dtC + Uo • Vy,zC = g-U^ + uAtC. (2.25) 


The advantage of the cancellation that transfers A* to A* is that (A) it eliminates error terms 
that involve two derivatives of C, thereby eliminating some serious regularity issues and (B) the 
associated terms were slowly decaying. Similarly, we derive 

dtg + tJo • = -y - y (2.26) 

Recall that {u^ ■ Vx,Y,zU^ = (u^ • . 

Next we change coordinates in (j2.ip . Notice that from (l2.1.Sap and (j2.1ip . for any / solving the 
passive scalar (12.7p . we have for F{t,X,Y, Z) = f{t,x,y,z): 

dtF + U ■ Vx,y,zF = vAtF. 

Applying this to = Au*, which solve m, gives the following, denoting Q^{t, X,Y, Z) = 
q^{t,x,y,z): 

' Ql + U- Vx,y,zQ^ = -Q^ - 2d\^yU^ + 2dxxU^ - Q^d]U^ - 2dlWdlf^ + dx{dlWd]W) + vAtQ^ 
< Ql + tJ- Vx,y,zQ^ = -Q^dp^ - 2djWdp^ + d\.{d\Wdp^) + uAtQ'^ 

^ Qpu- Vx,y,zQ^ = -‘2dpu^ + 2dj^zU^ - QWp^ - 2djWdp^ + d\{d\Wdp^) + uAtQ\ 

(2.27) 

where we use the following to recover the velocity fields: 

[/* = A^^g* (2.28a) 

djW = 0. (2.28b) 


For the majority of the remainder of the proof, (|2.27l) . together with (I2.25p . (I2.26P and (I2.28p . will 
be the main governing equations. The one exception will be in the treatment of the low frequencies 
of X independent modes, where the use of (|2.28al) can be problematic. For the remainder of the 
proof we will use V to, by default, denote Xx,y,z or Vy,z (where appropriate) unless otherwise 
noted. 

From now on we will use the following vocabulary and shorthands 


t/-vg“ 

Q^dp^ - 2d\Wd\p^ 
diidiWdp^) 
-2dPU^ 
2dPU^ 
(a* - Al) g“ 


transport nonlinearity' 
‘nonlinear stretching” 
‘nonlinear pressure” 
‘linear stretching” 
‘linear pressure” 
‘dissipation error” 


r 

(2.29a) 

NFS 

(2.29b) 

NLP 

(2.29c) 

LS 

(2.29d) 

LP 

(2.29e) 

Ve- 

(2.29f) 
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The pressure terms are named due to the fact that they arise originally from (in the nonlinear 
case) and (in the linear case) in (II.ip . The stretching terms originally arose from A[u ■ \7u°‘) 
(in the nonlinear case) and A{ydxU°‘) (in the linear case). The linear stretching terms are the 
analogue of the linear vortex stretching which inhibits the inviscid damping, whereas the NLS 
terms are analogous to the nonlinear vortex stretching in the 3D Navier-Stokes equations, although 
the geometrical interpretation is less clear. We remark further that each of the nonlinear terms will 
be further sub-divided into as many as four pieces in accordance with the different types of nonlinear 
effects described in ^2.1.41 as each one requires a different treatment. The technical complexity is 
furthered by the fact that each of the three components of the solution is qualitatively different, 
which means one should view (j2.27p as a system of three distinct unknowns and some specihc 
combinations of i and j need to be treated specially. 

Before concluding this section, there is one additional, crucial cancellation we would like to 
emphasize. As discussed in 1)2.1.41 the effect (F), feedback of X-dependent modes on X-independent 
modes, is a potentially important mechanism for streak growth and subsequent transition (see e.g. 
m)- We need to take advantage of a simple, but useful, cancellation to reduce the strength of this 
effect (another ‘non-resonant’ structure). This is the 3D analogue of the cancellation behind the 
rapid convergence of the x-independent vorticity observed in 2D Euler near Couette flow in m- 
Consider the evolution of Q" for a G {1,2,3}. First, denoting the projection of U on the 
k-th Fourier mode in x, we notice the following for k ^ 0: 

At {Ui,dp^) = U.k • + diidjUipU^) + dpipdp^. 

By the divergence free condition ()2.28bl) . which holds mode-by-mode in X (again due to the fact 
that Ip does not depend on x), we derive 

At [uPpU^) = {pp + pp) d] [UPU^) . (2.30) 

Similarly, 


di (dppdpi) = pdpt {UPUI) . 


Therefore, combining the interaction of two non-zero frequencies, k and —k, in transport, stretching 
and nonlinear pressure and taking X averages, we get the terms which we refer to as forcing, 
corresponding to the nonlinear interactions of type (F): 


:= -A, 


-dl 




dppp^^ 


= d\d\d] 


up^ 


-pdpt 


pp) 


/o 


(2.31) 


where necessarily the sum only runs over i,j ^ 1 due to the X average. The main point of ()2.31l) 
is that, due to the X averages, the —tdx in the dy and disappear, which is crucial for limiting 
the overall size of 


2.4 The toy model and design of the norms 

In this section we discuss the toy model for the weakly nonlinear effects. This toy model is then 
employed to design the norms used to measure the solution to ()2.27p and is the origin for the 
requirement of Gevrey regularity with s > 1/2 in Theorem [TJ The goal will be to account for the 
leading order contributions of the nonlinear interactions suggested in ^2.1.41 The toy model here 
will consist of six ODEs (although not fully coupled), which is significantly more complicated than 
the 2x2 system used for the 2D Couette flow nans]. 
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It is important to emphasize that we are concerned with estimating the worst possible behavior, 
and so are interested in approximate super-solutions of approximate models. Moreover, we are 
interested in only representative, leading order terms: weaker terms will be ignored as will terms 
which may be leading order but have the same basic structure as the terms we examine below. Note 
that, due to the ubiquitous presence of U^dj and diWdjW, many terms in (j2.27jl have a vaguely 
similar structure. 

Denote the Fourier dual variables of (X, Y, Z) as (k, rj, 1). Recall the definition of 1^^^ from 1)1.61 
which denotes the resonant intervals t ~ ^ with k"^ < |r/|. This latter restriction is possible because 

is elliptic in k which implies that the larger the k, the weaker the effect of the resonance. Fix 
•q and I and t G 1^^^ and for simplicity of exposition, assume q,l,k > 0 for the remainder of ^2.41 
Here we are only concerned with the case q ^ max(l,Z); other contributions are not handled via 
the toy model. This distinguishes a specific X-dependent mode as resonant: where the unmixing 
has brought the information in the mode {k,q,l) to 0(1) length-scales and the transient growth in 
the Orr mechanism is reaching its peak. . In particular, the velocity field associated with Q\{q,l) 
will be large if \k,l\ < \q\ (see H.2I) . 

2.4.1 Leading order (SI) interactions 

The nonlinear interaction (SI), suggested in ^2.1.41 is the transfer of energy from Uq to the X- 
dependent modes. Of these, one of the leading order contributions is the nonlinear pressure term in 
the equation: The leading order contributions to the Q\ evolution are the linear 

pressure and stretching terms. Coupling these together isolates the following subsystem between 
the resonant modes Q\ and Q\ (notice that this does not happen with Q^] this is a kind of null 
structure): 


9tQl — {dz^o) LoidyxUk) Hi + ■■■ 

dtQk = ~^ScY^k + dzx^k + ••• 

where ‘Hi’ and ‘Lo’ denote frequency localization and the ellipses denote temporarily neglected 
terms. By considering ~ , we expect that these effects will be greatly amplified when the 

high frequency modes on the left-hand side are near a critical time. 

To get a better estimate, we will ignore the coefficients ij}, replace everything with absolute 

values, replace (d^LjOio * i^vx^Dni with ||t/d|| {dyx^Dni and finally replace by 
Therefore, using the expected bound \\Uq\\ < max(e {t) , cq), we have 

dtQl = max(et, co)(^ - tdx)dxAl^Ql (2.32a) 

dtQk = —{9y — tdx)dxA'j}Q\ + dzxA'j}Q\. (2.32b) 


On the Fourier side, this becomes 


dtQliqJ) 

dtQlivJ) 


max(et, Co){q — kt)k 
k"^ + P + \q — kt\^ 
{q — kt)k 


Ql{q,l) 


k‘^ + 1'^ + \q — kt\‘ 


Ql{q,l) + 


kl 


k'^ + P + \q — kt\ 


rQlivP)- 


As A]^ is elliptic in Z, we will not have to consider very carefully the interaction between the Z 


24 









frequency and the Orr mechanism, and so we reduce further to 


dtQl{r],l) = max(et, cq) ^ QUv, 1) (2.33a) 

Since cq is essentially 0(1) compared to the size of the non-zero frequencies, (|2.33l) alone would 
suggest that the components of and could grow roughly the same way near the critical time 
and that, near the critical time, the growth can be approximated by 


dtQl{v,l) ^ dtQlivJ) 


i + Vi-t 


-Ql 



Q 


2 

k- 


Notice that this appears at odds with the linearization! Indeed, recall that (jl.lOaji predicts that 
should remain bounded whereas (ll.lObI) and (jl.lOcp show that and will necessarily grow 
quadratically by vortex stretching. Hence, (12.3311 predicts that the quadratic growth of Q\ relative 
to Q\ will not occur until after the critical time. We will see that due to interaction with non¬ 
resonant frequencies, we will actually need to delay the relative quadratic growth of until after 
all of the critical times. For Q^, we have to leading order (as above, dropping signs) from the lift-up 
effect and the linear stretching term: 



1 

1 + |t- 



From the first term, we see that (in terms of amplitude) we can consider Qj, ~ tQ'^ near the critical 
times. As was the case for Q^, this is at odds with the predictions of (jl.lOp . which suggests a 
quadratic growth relative to Q^. Instead, we will need to have grow linearly relative to until 
after the critical times, and then eventually quadratically. Hence, for the nonlinear problem, we see 
that each of the three components must be qualitatively different. 


2.4.2 Leading order (3DE) interactions 

The behavior of (j2.32p suggests how the resonant frequency k would grow near kt ^ rj due to a 
leading order nonlinear interaction of type (SI). Hence, next we add in the effect of the nonlinear 
interactions between a resonant frequency (denoted k) and other X dependent frequencies (denoted 
k'). As nearby frequencies interact much more, we will assume \k — k'\ <1 (it is enough to consider 
k’ = k±l). 

We will use the heuristic discussed above, involving taking Qj, ^ tQ\ and Q\, « tQ^i, which 
allows us to focus only on and (along with the observation that many of the nonlinear terms 
in the equation of ()2.27l) are generally weaker than the other components). In estimating the 
size of the nonlinear terms, it is important to understand that while will grow quadratically 
at “low frequencies”, we saw above that near the critical times, which is “high frequency”, is 
expected to be roughly the same size as Q^. This creates a large imbalance between low and high 
frequencies in Q^, which suggests that the worst (3DE) terms likely involve {Q^)lo- The term 
that stands out as the worst is from the transport nonlinearity, when the velocity field appears in 
high frequency near the critical time, which only occurs in the Q^, equation; in the equation, 
the velocity will be away from the critical time and hence less dangerous. Therefore, we derive the 
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following (using the same nonlinear pressure term for the equation): 


dtQl = (dy - tdx)dx^L^{Ql)m + ••• (2.34a) 

dtQl = {Uoit))^^ {dy - tdx)dx^l^{Ql>)Hi + - (2.34b) 

dtQ% = —t {Uk)jji {dxQk'-k )Lo (2.34c) 

dtQk = —{dy — tdx)dx^1^Ql + dzx^J^Qi + (2.34d) 


Obviously, we have neglected many terms in the nonlinearities. Indeed, it will turn out that we have 
neglected terms which are the same “size” as the leading order terms, however, they have essentially 
the same structure as the leading ones we have identified and hence do not need to be separately 
considered. On the other hand, many other terms which we have neglected have a rather different 
structure but are instead smaller. 

Using the same approximations that we applied to derive (I2.33P and substituting in for the low 
frequency terms the amplitudes predicted by the linear theory in ^1.2.21 (j2.34p becomes on the 
Fourier side, 

dtQl{t,vJ) = max(et, Co) ^ (2.35a) 

=max(et,co)y^j^-^|p^Q|, (2.35b) 

(2-35C) 

k+\!j-kt\ ^^ + k+\!^-kt\ ^k- (2.35d) 

where all unknowns are evaluated at (ry,/). Notice that by non-resonance we have |ry — k't\ > t and 
so we can derive 

dtQl{t,r],l) = max(et, cq) ^ Qk (2.36a) 

= ™ax(et,co)-^^^Q|, (2.36b) 

StQUt, ri,l) = ^ I^'l J,J |2 (2'36c) 

= k+\!^-kt\ ^i + k+\!^-kt\ ^i^ 

This toy model accounts for the leading order interactions between (3DE) and (SI). From this 
model alone one can derive the Gevrey-2 regularity requirement (see below for how to do this). 

2.4.3 Leading order (F) and (2.5NS) interactions 

At the zero frequencies, there is another challenge, which are interactions of type (F): the forcing 
from non-zero frequencies into the zero frequency. Thanks to the cancellations in (I2.3ip . we can 
narrow this effect down to a pair of forcing terms from the resonant frequencies. We will also 
account for the leading order interaction in the zero-mode nonlinear pressure interactions of type 
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(2.5NS), giving (note we are including the dissipation terms here) 

dtQl = dY{{dYUQ)Hi{dzUQ)Lo) + dvYZ {{ui){U^k) lo) ~ + dzz)Ql (2.37a) 

dtQl = dzUdyU^)HiidzU^) Lo) + dyw {{Uk)Hi {U^k) Lo) ~ ^i^Y + dzz)Ql-, (2.37b) 

where again we are considering t ~ f ■ Using the same approximations as above together with 
AUq = Qq and the assumption that r] ;§> max(l,Z), we have 

= «51 + (Jty ^2 + 1,1 kt\2 - 
d,Ql = + ()tV + 1^- ktf ~ 

Notice that the cancellations in (j2.3ip imply the forcing terms on Qq are weaker than Qq. This 
special structure will be crucial in our follow-up work m- 

2.4.4 Final toy model and resulting predictions 

Next we put together everything into one main model. As Qq is strongly forced near the critical 
times, one should worry that this will couple back to the non-zero frequencies modeled in (I2.36jl 
and precipitate strong growth. However, these terms turn out not to be leading order due to the 
overwhelming enhanced dissipation, and so can be omitted from the toy model. Finally, it also 
makes sense to include the dissipation terms in all the equations, as for large t these are dominant. 


Putting everything together yields the final toy model, 

dtQl{t,r],l) = max(€t,co)^--p-|^— -u(^k'^ + \r]- ktf'j Ql (2.39a) 

dtQl:{t,ri,l) = max(et,co) Ql, - u (^k'^ + \ri - kt\'^^ Ql, (2.39b) 

dtQUt, V, 1) = + kt\^) Ql (2.39c) 

d^Qlit, ry, 0 = --{k^ + \ri- kt\^) ^k (2-39d) 

dtQUt,vJ) = (2.39e) 

dtQUt, V,l) = eQ^o + ( (2.39f) 


where all unknowns are evaluated at frequency (ry, 1) From (j2.39l) (together with the long-time 
analyses similar to what is carried out below in (j2.44p l. one can predict, and design the norms 
necessary to prove, the results both here and in the above threshold case ra¬ 
in this work, we would like to get control for all time with the requirement v ^ e. Under the 
assumption v ^ e, the following simple choice provides an approximate super-solution to (I2.39|) 
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(over just the single critical interval 


dtw{t,ri) ^ 

+ r fc I 

Qk ~ Qi -Qk- Ql' « Qo ~ Qo ~ w{t, 7]) 
Qk ~ Qk' ~ tQk' ~ ^Qk- 


(2.40a) 

(2.40b) 

(2.40c) 


By integrating (|2.40ap . we have 




(2.41) 


where C is a fixed constant depending on the implicit constant in (I2.40ap . Hence, (I2.4ip predicts 
that both the resonant (mode k) and non-resonant (mode k') modes will lose the same amount of 
Sobolev regularity near each critical time. Therefore, instead of just losing regularity once at the 
critical time, the regularity loss is repeatedly amplified as t goes through successive resonant times 
Tj/k, r]/{k — l), r]/{k — 2) etc (to see this, take k' = A; —1). The loss (I2.4ip is amplified multiplicatively 
in each critical time, so counting over all the possible critical times which satisfy rj > k'^ gives a 
regularity loss like 


Q^(2r?,r?) _ / r]^ \ ^ 


(2.42) 


which by Stirling’s formula is size (up to a polynomial correction) and hence (|2.40p 

predicts Gevrey-2 regularity loss; see Appendix [B] for more information. This is the origin of the 
requirement s > 1/2 in Theorem [TJ We emphasize that the nonlinear effects from (3DE) are the 
main cause of the infinite regularity class ~ one needs to account for the repeated resonant/non- 
resonant interactions in order to predict this potential instability. In particular, this cannot be 
predicted from linear theory. In the companion work [10] . we use a different super-solution which 
does not require e < Using ()2.39p . one can find a super-solution for only e < by taking 
advantage of more of the available structure, but this also results in more complicated norms and 
only works until f ~ (which if e S> is approximately the time when the secondary instability will 
set in; see m for more discussion). Finally, we mention that the growth in (|2.40l) is sharply peaked 
near the critical times and it will turn out to be useful for unifying and simplifying estimates below 
to modify w by including additional steady, gradual losses of Gevrey-2 regularity over 1 <t <2\r]\ 
(see (IB.4P in Appendix IB.ip . 

There is one remaining detail that must be addressed, which is the behavior of the components 
for times very large. Notice that in Q^, for t S> |t/| the linear terms are to leading order: 


dtQk 



kl 

k'^ + P + \ri - ktf 


Ql 


(2.43) 


The first term gives the quadratic growth from the stretching, as we are expecting. The second term 
appears small (as is growing quadratically whereas is not) but we cannot so easily neglect its 
contribution for I large. However, the pre-factor is actually integrable in time uniformly in {k,r],l). 
To deal with the anisotropy carefully, we will incorporate this factor into the norm via a multiplier 
of the form: 

kl 

dtwiit, k, ? 7 , 1) ^ — ---^ k, r], 1), ( 2 . 44 ) 

k^ + P + \r]- kt\ 

which, unlike w, is order one due to the uniform integrability (see Appendix IB.21) . 
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2.4.5 Design of the norms based on the toy model 

Now let us put all of the observations together to design the norms that we will use. As the details 
are somewhat tedious and mostly involve technicalities similar to those that already appear in |13j . 
we reserve the details for Appendix [B] and simply give the overview here based on the heuristics 
above. Fix /3 > 3a+ 6 , 7 > /3 + 3a + 12 and a > 7 + 6 . We will use a hierarchy of regularities, 
and the high norms will be of the form || V)Q*(t )||2 for Fourier multipliers A* dehned by the 

following, for a time-varying \{t) defined below, s > 1 / 2 , 0 < hi <C 1 , and corrector multipliers w 
and wl (here {t,k,T],l) are now arbitrary): 


f Ifc^omin M, 




w{t,r])wLit,k,r],l) 








+ lfc=o I 


A-lit, 7 , 1) = min ^ 1 , + lfc=o^ (t, i], 1) 

Al(t,r],l) = ^Ifc^omin ^1, ^^’ 2 ^ ^ + lfc=o^ A^{t,r],l) 


(2.45a) 

(2.45b) 

(2.45c) 

(2.45d) 

(2.45e) 


where /r and w are defined precisely in Appendix [B] and wl is defined in Appendix IB. 21 The 
multiplier A is used to measure C and g whereas A* will measure Q*. Note that for technical 
reasons, we are allowing A^ to decay linearly at ‘low’ frequencies, which is not predicted by the 
linear theory in ^1.21 nor in ^2.41 For separate technical reasons, we are also allowing A^ to decay 
slightly faster than quadratically. We will choose the radius of Gevrey--^ regularity to satisfy, for 
some 6x small. 


m = - 


6x 


min(2s,3/2) 


(i) 




Fix 6x <C min(l, Aq — A') small such that X{t) > (Aq + A')/ 2 . 

To quantify the enhanced dissipation, we build on the scheme used in [12] . The general idea is to 
use semi-norms ||A^’*(t, V)( 5 ®(t )||2 for Fourier multipliers A^’*(t, V) which gradually trade regularity 
for decay of lower frequencies, a kind of parabolic analogue to the regularity one pays to deduce 
inviscid damping. Dehne D as in |12j : 

which satisfies 

max \g\^ < aD{t,g). (2.47) 
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For (3 chosen above, we define the enhanced dissipation multipliers 


Ak^{t,v,^) 

Ak^{t,vJ) 


gA(t)|M,r {k,rj,lf {D{t,r])Y 


1 


WL{t,k,r],l) 


Lfc^O 


ivY) 


l+(Si' 


it) 


( 1 , 1 AUt, V, 0 


min 1, 


ivY) 


h' 


min 1 


ivYY 

’ t2 


Akit,vY) 




(2.48a) 

(2.48b) 

(2.48c) 

(2.48d) 


Note that now matches the linear behavior predicted in Proposition 11.21 up to a deviation by 
a small . We believe this is purely technical. Note that we do not need w in (|2.48|) . The Orr 
mechanism (and associated nonlinear effects) do not play a major role in the enhanced dissipa¬ 
tion estimates; they are instead mainly determined by how the vortex stretching manifests in the 
nonlinearity. 

Finally, the following inequalities are useful to keep in mind 



OO Y 

1 

(l/t3)l/3+ 

(l/t3)l/3+ 


dt 

dt 

dt 


€ 


d/3 


-1/3 < 


Co- 


(2.49a) 

(2.49b) 

(2.49c) 


2.5 Main energy estimates 

Equipped with the norms defined in (|2.48p and (I2.45p . we will be able to propagate estimates from 
local-in-time (provided by Lemma 12.ip to global-in-time via a bootstrap argument for as long as 
the solution to (11.11) exists and remains analytic; by un-doing the coordinate transformation, this 
in turn allows us to continue the solution of dnD via Lemma [221 See TS.ll below for more details 
on this procedure. 

In addition to the norm controls, we have a number of “dissipation energies” which arise both 
due the dissipation itself and due to the fact that the norms are getting weaker in time; we will refer 
to the dissipation-like terms that arise due to this effect as ‘CK’ terms (for ‘Cauchy-Kovalevskaya’ 
due to the appearance of similar terms in the classical proofs of abstract Cauchy-Kovalevskaya-type 
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results, e.g. [65l[M!)- We define the following dissipation energies, for i S {2,3}, 


VQ^ = 


^ + CKl + CKi, + CK, 


wL 


:= V 



2 

+ A 


2 

+ 


2 

+ 



2 


2 

V w 

2 

V WL 


VQ\ = 


= V 


\= V 


Vg = 


+ CKl^ + CKl^^ + 

y^-AiAg 


+ 


^A^Ql 

w ^ 


+ 


+ 


CKl + CKl + CKi 


:= V 


VC = iy 


V-^LAg 

+ 7 ^4^ 2 + ^ 

|V|^/^ Ag 

2 

+ 



2 t 


2 

V w 


V^AC 


+ CK^ + CK 


V 

^T^lAC 

2 

+ A 

|V|"/^ AC 

2 

+ 

^AC 



2 


2 

V w 


CKl 


= U 




+ CKi:’^ + CKZ 


:= V 


2 

+ A 

2 


V WL 

VQ'^'^ = V 


' + CKf + CKl^l 


:= V 


2 

+ A 

2 

2 

V WL 


WL ^ 


CKll^ 


'■i>(Vy,, 




(2.50a) 

(2.50b) 

(2.50c) 

(2.50d) 

(2.50e) 

(2.50f) 

(2.50g) 

(2.50h) 


Fix constants Kni, Kmi,KhijL,Khci,Khc 2 ,Klc, Kedi, Ked 2 , Kqls, Kui,Kui 2 -, Ku3, Kl for i G 
{1,3} determined by the proof depending only on s,A',(5i,a and Aq, as well as the somewhat 
arbitrary parameters such as a and (3. These are mostly necessary due to the linear terms present 
in (I2.25P and (j2.27p . Further fix a' > 3. Let 1 < T* < be the largest time such that the following 
bootstrap hypotheses hold (that we can take T* > 1 will be discussed below): the high norm controls 
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on Q\ 


\\A^Ql{t)\\l<4Kme^ 

(2.51a) 

1 Qo(^)||gA,7 — 

(2.51b) 

\\A^Q^4t)\\l + i I^VQ^^{T)dT < AKni^e^ 

(2.51c) 

W^^Qll + [ + CKl{T)dT < 46^ 

(2.51d) 

^ j^'^QHr)dT < AKnse^-, 

(2.51e) 

the coordinate system controls, 


\\AC\\l + ^I^VC{T)dT<4KHCicl 

(2.52a) 

(t)-2 \\AC\\l + (t)-2 VC{T)dr < 4KHC2e^ log 

(2.52b) 

11^5112 + '^Sdr < 4e^ 

(2.52c) 

5 gA.7 < 

(2.52d) 

\\C\\gx,j < 4:Klc min (e (t), cq) ; 

(2.52e) 

the enhanced dissipation estimates, 


\\A’^''^Q% + VQ''’\T)dT < 4KEDie^ 

(2.53a) 

+ SiCKf{T)dT < 4KED2e^ 

(2.53b) 

^Q''''Hr)dT < AKEDse^; 

(2.53c) 

and the additional low frequency controls on the background streak 



(2.54a) 


(2.54b) 

PzUqWj^,, < 4KGL3^^_^^a 

(2.54c) 

\\U^\\^^,<4Kuie{t) 

(2.54d) 


(2.54e) 

PSWl.'+ J‘W^USWl,, dr < 

(2.54f) 


(2.54g) 


(2.54h) 
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For most steps of the proof we do not need to differentiate so precisely between different bootstrap 
constants so we define 

Kb = rnax {Kni-, Kmi,Khi^,Khci,Khc2,Klc, Kedi, Ked 2 , Kqls, Kui, Kuu, Ku^) . (2.55) 

It is a consequence of Lemma 12.11 that T* > > 0 and it is a consequence of Lemma 12.21 that 
T* < . It is relatively easy to prove that for e sufficiently small, we have 1 < T*; see ^ for 
further details. Due to the real analyticity of the solution on (0, T^), it will follow from the ensuing 
proof that the quantities in the bootstrap hypotheses take values continuously in time for as long 
as the solution exists. Therefore, we may deduce T* = +oo via the following proposition, the proof 
of which is the main focus of the remainder of the paper. 

Proposition 2.1 (Bootstrap). For the constants appearing in the right-hand side of (I2.55p chosen 
sufficiently large and cq chosen suffieiently small (depending only on s,Xo,X',a,6i and arbitrary 
parameters such as a, (3,...), if the bootstrap hypotheses (I2.5ip . (12.521) . (I2.53p . and (j2.54l) hold on 
then on the same time interval all the inequalities in (j2.5ip . (12.521) . (j2.53p . and (j2.54p hold 
with constant ‘2 ’ instead of ‘4 

In Lemma 13.31 in 1)3.31 below, it is proved that Proposition 12.11 implies Theorem [1] and hence the 
majority of the remainder of the paper is dedicated to the proof of Proposition 12.11 

First, in ^2.5.1l below we discuss how the bootstrap constants are chosen, then in ^2.5.2l we detail 
some immediate a priori estimates which follow from the bootstrap hypotheses and afterwards in 
1)2.5.31 give a brief discussion of the main principles behind the proof of Proposition 12.11 as well as 
discuss in more detail the motivations for some of the finer details, such as the particular hierarchy 
of norms being employed. The next two sections are further preliminaries. First, in ^ we deal 
with the relatively minor technicalities such as changing coordinate systems and the local well- 
posedness issues. Then, we lay down the main technical tools used in the proof of Proposition 12.11 
in 0 including lemmas involving the norms we are using as well as a summary of the paraproduct 
decompositions that are used heavily in the sequel. From there, the remainder of the paper is 
dedicated to the energy estimates stated in Proposition 12.11 

2.5.1 Bootstrap constants 

First, Kgl 3 , Ku 3 , Kui, Kjj 12 are chosen sufficiently large relative to a universal constant depending 
only on a'. From there, Khi, Khi^, and Kmi are chosen independently, sufficiently large relative 
to constants depending only on the parameters Aq, A', a, s, and di (and arbitrary parameters such as 
cj,/3,...). From there, Khci-, Khc 2 , and Klc are independently chosen small relative to constants 
depending on the same parameters. Then, Ked 2 is chosen small relative to the same parameters, 
followed by Kedi and Ked 3 which are chosen small relative also to Ked 2 and Khi- After these 
constants are chosen, cq is chosen sufficiently small with respect to Kb, the max of all the bootstrap 
constants, as well as the parameters s, Aq, A', a, di (and arbitrary parameters such as a, /3 ,...). 

2.5.2 A priori estimates from the bootstrap hypotheses 

The motivation for the enhanced dissipation estimates 02.53|) is the following observation (which 
follows from (j2.47)) l: for any /, 




(2.56a) 



(2.56b) 

li/j!(*)lis>(iM So {tf ("ry" 1 


(2.56c) 
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Hence, ()2.53p expresses a rapid decay of for t>y Together with the “lossy elliptic lemma”, 
Lemma lC.il we then get 

(2-57a) 

~ (2.57b) 

ll^^^^)||g^(‘)./9-2 ~ Jut^' (2.57c) 

LemmalC.il is what allows to deduce a similar estimate on Ar^ as we have on in m, assuming 
the coordinate transform is not too large (which is implied by (j2.52ejl L 

For the zero frequencies of the velocity held we get from (I2.5ip , (I2.54p and Lemma 1C.41 (which 
allows to understand A^^ at zero frequencies) the matching a priori estimates 

||^oHi)||gA.^ < CO 
\\AU^{t)\\^ + \\AU^{t)\\^<e. 

In ^3.21 we prove that p2.57p and p2.58p together imply Theorem [H 

2.5.3 Short summary of the proof of Proposition [27T] 

Let us now quickly discuss some basic principles and tools that go into the proof of Proposition 12. II 


(2.58a) 

(2.58b) 

(2.58c) 


2.5.3.1 Frequency decomposition tools and regnlarity levels 

From Proposition 12.11 ^2.5.21 and the dehnition of the norms in p2.45l) and (I2.48P , it is clear that 
the information we have depends a lot on the relationship between frequency and time. To take 
advantage of such details, we need to decompose the nonlinear terms based on these relationships. 
A basic tool of nonlinear Fourier analysis is the paraproduct, introduced by Bony m, which allows 
to make decompositions of the type 

fg = fHiQLo + fiogHi + {fg)n, 

that is, the first term is the contribution to the product where the frequencies of fg are comparable to 
/, in the second term the frequencies of fg are comparable to g and the last term is the contribution 
from where the frequencies of / and g are comparable (see 21 for more information). It essentially 
linearizes the evolution of higher frequencies around lower frequencies - see mm for discussions 
about the connection between paradifferential calculus and the Nash-Moser iteration. Paraproduct 
tools have been very useful in several works that involve mixing in fluids and plasmas [niiaiiiiiHS]. 

If we are deducing a high norm estimate, then we can control the contributions of ‘low frequen¬ 
cies’ with the lower norm controls we have; on the other hand if we are getting a low norm estimate 
then we can absorb all kinds of regularity loss by using the high norm control, which allows us to 
often get better decay estimates, e.g. the enhanced dissipation (I2.53P and the decay estimates in 
()2.52djl and (j2.54p . Hence it becomes more clear why we generally have at least two regularity levels 
for most of the unknowns. Moreover, we also note that if we are estimating a high norm, then the 
interaction of two non-zero frequencies in X will be rapidly damped by the use of (12.571) but the 
same is not quite true of the interaction between a zero and non-zero frequency at the high norm. 
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2.5.3.2 Elliptic estimates 


An important set of tools we need are those pertaining to as this is how we recover W from 
Q^. These are detailed in Appendix [Cl as they are basically a generalization of the ideas employed 
in [laiig. One set of lemmas are the so-called ‘lossy’ estimates, detailed in Appendix 1C.11 These 
are straightforward and allow us to deduce roughly the equivalent of (II.6p for given the control 
(|2.52ep for cq sufficiently small. In Appendix 1C.21 we detail the more subtle lemmas that arise 
when putting A^^Q* in a high norm. We refer to these as ‘precision elliptic lemmas’ since they 
treat the loss of ellipticity due to the Orr mechanism in a precise way. In m, one such lemma was 
needed, but here we need several. The general principle is to use A^^ as an approximate inverse and 
coordinate system estimates in (12.521) to control the errors. Unlike |13lll2j . the enhanced dissipation 
from (I2.57|l is crucial for controlling the error terms. 

2. 5.3.3 Control of Q* in the high norm, (j2.5ip 

The general scheme for essentially all of the high norm energy estimates in Proposition 12. II is to get 
an estimate more or less like the following 

||A*Q *||2 + PQ* < max(co, e^)VQ'' + max(co, e'^)e^X(t), (2.59) 

where 5 > 0 and X{t) is an integrable function, uniformly in e, v, and cq. In general, X will involve 
also the dissipation energies. For cq sufficiently small (hence also e, since e < cqu < cq), estimates 
of this type will then imply the high norm estimates in Proposition 12.11 A similar method is used 
to get every estimate in Proposition 12.11 with the exception of (I2.52el) . (I2.51al) . and (I2.51bl) . which 
are done with a slight variation on this approach. The issue with these estimates is to avoid losing 
a |loge| (fatal to the proof of Theorem [1]) which requires a bit of extra work as the linear lift-up 
effect terms in the equations for C and Qq are borderline (because cq is chosen independent of u). 
The Sobolev scale estimates are discussed further below. 

The high norm estimates are divided into zero and non-zero (in X) modes as the behaviors 
are starkly different. First, are the linear stretching and pressure terms in and Q^, which 
cannot be treated perturbatively, although the effect of the coordinate system on them is treated 
perturbatively (crucially). The norms get weaker at low frequencies in order to absorb the effect of 
these linear terms and this explains why there is a ‘CiF^’ term controlled in ()2.51d|) but not in the 
()2.51cp or (j2.51ep (the entire terms are used in the estimate). The control on the term 

in (I2.51dp turns out to be useful for controlling the lift-up effect term in the proof of (I2.51cp . The 
other complications at the high norm are the nonlinear interactions corresponding to (SI), (F), 
and (3DE), which are controlled using the norms devised via the toy model. In particular, these 
contributions make heavy use of the CK^ terms, which make sure that the norms lose regularity 
in a way which matches the toy model in ^2.41 

2.5.3.4 Control of the coordinate system 

These estimates are deduced in ^ Estimate (j2.52ap is complementary to ()2.52bp : at long times, 
(I2.52bp is obviously better, but at shorter times (I2.52bp is much better. For these estimates, 
controlling g is quite important, and the decay estimates on g and Uq at low frequencies allow 
uniform estimates on C (high frequencies are generally absorbed by the dissipation). 
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2.5.3.5 Enhanced dissipation estimates 


The enhanced dissipation estimates (I2.53P are improved in ^101 The first important fact to notice 
regarding the proof of (j2.53p is that for t < 2 |cV| we can gain a large power of {t)~^ by exchanging 
A'^’^ for A*, or some regularity class in between (see (|4.8ap below), one of several reasons to get these 
decay estimates separately from the high norm estimates. This means that the main difficulties in 
obtaining the enhanced dissipation estimates will not really be associated with the Orr mechanism. 
Instead, the main difficulties in ^101 arise from the linear vortex stretching and the (SI) interactions: 
terms that are linear in X dependent frequencies. 

As in the proof of (I2.51jl . in these estimates, the special structure of the nonlinearity is key, and 
is combined with (jC.2l) to high effect. A recurring theme is to gain in t from Lemma IC.21 when dx 
derivatives are present, a kind of “null” structure that allows to balance the large growth of Uq by 
extra decay since it often appears as U^dx in the nonlinear terms. 

2.5.3.6 Low norm estimates on the A-independent modes 

The last set of estimates are those in (j2.54|) . The purpose of these are two-fold: first, to control 
the low frequencies of the velocity field (which are not well-controlled by Q*); second, to deduce 
extra decay estimates. In contrast to the other estimates in Proposition l2.ll improving (I2.54|) lends 
itself to a proof in {X,y,z) rather than {X,Y,Z), as it uses the divergence free condition and the 
dissipation together in a way which is easier in the standard coordinates. Since the regularity class 
in (j2.54l) is finite, there is no problem transferring estimates from one coordinate system to another 
(see 

3 Regularization and continuation 

This section contains three topics: (A) comments on the local-wellposedness for classical solutions 
of (jl.ip and the instantaneous analytic regularization with initial data of the type (jl.l9p (B) how 
to move estimates on these classical solutions between coordinate systems, and (C) the proof that 
Proposition 12.11 implies Theorem [H All of these steps are very similar to the 2D works [131112| . so 
we include only a brief summary. 

3.1 Regularization and short-time regularity 

Proof of Lemma \2.1\. By using an easy variant of standard local well-posedness theory for strong 
solutions of 3D Navier-Stokes (e.g. [58])) it is easy to prove that there is a > 0 such that there 
IS a unique strong solution n(t) ivith initial data to (HTj). Standard parabolic regularity theory 
shows that u{t) is real analytic for t G (0,t*). 

The next step is to verify that for Kq chosen sufficiently large, there is some time tc G (0, 1 ) such 
that ||^t(tG)||gA,s < This is a matter of making more quantitative the local regularity estimates 
from initial data of the type (jl.l9|l and we can apply a straightforward variant of the method used in 
m for 2D Navier-Stokes. This consists of several steps. First, we solve (11.11) (locally in time) with 
us as the initial data and obtain quantitative estimates on the analyticity of the solution us{t) for 
t <^v. Next, we get short-time analyticity results on the rough perturbation with initial data 

uji{0) for t <C 1 ^ {uR{t) satisfies a PDE such that us{t) + unit) together solve (ll.ip l. Finally, we 
make a third estimate propagating the correct Gevrey--^ regularity forward to a time independent 
of z/. We omit the details for brevity as they are similar to those in [T2|. □ 
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Proof of Lemma \2.^ By a straightforward variant of the local existence argument, it is easy to 
prove that the unique, strong solution exists (uniformly in v) as long as an norm remains 

finite. Propagation of analyticity uniformly in v can be proved via variants of e.g. [321E21I17]. The 
details are omitted for brevity. □ 

In order to get the bootstrap argument started, we need to prove that estimates in (x, y, z) 
transfer naturally to estimates in {X, Y, Z) and give us a buffer zone away from the mild coordinate 
singularity at t = 0. 

Lemma 3.1. For cq sujficiently small, we may take 2 <T* (defined in ^2.5\ above) and for t <2, 
the bootstrap estimates in ()2.5ip . (I2.52p . ()2.53p . and (I2.54p . all hold with constant 5/4 instead of 4. 

Proof. The approach we take is that of m, which is to first get an estimate until time t = 2 in the 
coordinate system used when studying the linearization in 1)1.21 and then change coordinates into 
those defined in ^2.31 We only give a brief sketch. Define 


X = X — ty 

hfit, X, y, z) = qfit, x + ty, y, z) 
vfit, X, y, z) = ufit, X + ty, y, z); 


note that n* = These unknowns satisfy natural analogues of (I2.27|) and (II.1|) . Moreover, for 

je {0,1,2}, 

Wd^vLW < ll/ii/ll 

II yllcjM.7 ~ V/ II||gfj,7 


{dy - td^y vh 


{d^y 






+ 




{d,y F 




< II/)* II 

gii,-y II T^llgy'T 

< Whi,' 




^ ll'*7^ llcjy,7 


With these estimates, it is relatively easy to verify using the standard techniques for getting Gevrey 
regularity estimates on transport equations, see e.g. [la ESI Ea ST], that the following holds: for 
e < Con sufficiently small and /r(t) chosen as 

fi{t) = -eV2^(i), = A = ^ + ^, 

such that /i(2) > ^ we have, for t <2, the estimates 


+ IkllsMW <«• 


(3.1) 


Next we convert estimates on /i* and u* to estimates on C, Q* and 17*. In order to estimate the norm 
of Q'^{t, X,Y, Z) in terms of h'‘{x,y,z) we need to solve for (x,y,z) in terms of {X,Y,Z) and then 
use a lemma for estimating Gevrey regularity under composition (see Lemma lA.3p . From (I2.13al) . 
we can use the same methods used to deduce (13.11) to get ^ which for ^ < t < 2, yields 

good estimates on fi{t, y,z) = Y {t, y,z) — y and on X{t, x, y, z) = x{t, x, y) — tfitf, y, z). Hence, we 
can write 


x{t, X,Y,Z)=X + ty{t, y{t, X, Y, Z),z{t, X, Y, Z)) 
y{t, X,Y,Z)=YY y{t, y{t, X, Y, Z), z{t, X, Y, Z)) 
z{t,X,Y,Z) = Z, 
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and then for e sufficiently small, a suitable Gevrey inverse function theorem (see e.g. m), allows 
to solve for (x,y,z) with estimates on the Gevrey regularity. Lemma lA.31 on Gevrey composition 
then allows to get the estimates (using e sufficiently small) for some 5 > 0 and for 1/2 < t < 2: 

l|C'||g(l + 5)A(t),a + ||Q*||g(l + 5)A(t),<T + 11 11 g(l + 5) A(t) ,a ^ C. (3.2) 

By replacing the initial e with some smaller e', we can change the norms to the A* and A (paying 
the 6X regularity in exchange for the factor involving w~^ from ()A.in|) ) and drop the constants in 
(13.21) . Hence, the lemma follows up to adjusting the bootstrap constants. □ 


3.2 Moving from {X,Y,Z) to {x,y,z) 


In order to prove Theorem [U we need to be able to transfer information in {X,Y,Z) coordinates 
back to information in (x, y, z). This is also used in Hll Similar to the method used in [131112j . we 
will first move to the coordinate system (A, y, z). Writing ^(t, X, y, z) = Q^{t, X, Y, Z) = q{t, x, y, z) 
and h*(t, X, y, z) = U^{t, X, Y, Z) = u^{t, x, y, z) we derive the following, noting that Uq = Uq- 

dtUQ + ■ Vuq = (-Mq, 0, 0)^ - (0, dyp^^, + P, (3.3) 

where 


r = - {v/^dxu!-^)^ - - dy'iptdxP^)Q - {u^{dz - tdpdxW^)^ ■ (3.4) 

Since the divergence free condition transforms into 

dxP + {dy - dy2ptdx)P + {dz - tdzipdx)P, (3.5) 

then we get for X the following form, analogous to the cancellations in (I2.31[l . 

P = -dy - dz . (3.6) 

Lemma 3.2. For e < cqu and cq sufficiently small, the bootstrap hypotheses imply the following for 
some c G (0,1) chosen such that cX{t) G (A', X{t)) for all t: 


and 



(3.7a) 


(3.7b) 


(3.7c) 

ho(^) g;cA(t) < max(e(t) ,co) 

(3.8a) 

ll'“o(^)||gcA(t) + |ho(0||gcA(t) ^ e 

(3.8b) 

||9o(^) 11/^0-' + II^o(0||//ct' ^ {vtffi 

(3.8c) 

ho(^) - ^0 

(3.8d) 

hoW i-' + dr < 

(3.8e) 

II 0ll4-> 

(3.8f) 

II HI ^ *^0 

ll«0||4~ 

(3.8g) 
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Proof. We want to quantify the Gevrey regularity of (f{X,y,z) = Q'^{X,Y{y, z), Z{y, z)) and 
u’'(X, y, z) = X, Y{y, z), Z{y, z)) via the composition inequality Lemma fA.SI (and also Sobolev 
regularity via Sobolev composition). Notice that Z{y,z) = z and Y{y,z) — y = 'ip{y,z), and hence 
what we need is a Gevrey estimate on y, z). However, the bootstrap hypotheses give only direct 
estimates on C, tpy and ipz, in {Y,Z) coordinates. Recall {'ify{t,Y {t.,y., z), Z),il)z{t,Y {t,y., z), Z) = 
{dy'ifit, y, z),dzip{t, y, z)). By the C°° inverse function theorem, we can solve Y (t, y, z) = y+iplt, y, z) 
for y = y(t, Y, z) as a function of Y, z. For cq sufficiently small we can write the derivative as a 
convererent power series fbv Lemma 14. 101 below. ll^?/llcxD ~ llV’yllgA,7-i ^ Co < 1/2): 


dyyit, Y, z) 


1 

dyY{t,y{t,Y,z),z) 


1 

l+ll)y{t,Y,z) 


oo 


'^{-'ify{t,Y,z)y. 

j=0 


By Lemma 14.81 it follows that 


(3.9) 


ll^yy-lllcjA <co. (3.10) 

Moreover, we get from this and the controls on C, 

\\Y{t,y,z) - 2/II2 = U \\2 < ||9y2/||^ ||C'||2 < cq. 

\\y{t, Y, z) - FII2 = ||C'(L F, 2;)||2 < cq. 


Together these imply 


\\y{t,Y,z) - Y\\gx < Cq. 

Finally, by a Gevrey inverse function theorem (see e.g. the one used in m for this same purpose) 
and choosing cq sufficiently small, we derive for a constant c' > 0 such that c'X G (A', A), 

\\Y{t,y,z) -yWgc'x < Cq. 

Then by Lemma fA.31 for cq sufficiently small, we derive for a constant c < d such that cA G (A', d A), 


Ikllgcx < llQllgA (3.11a) 

ll^llgcA <||C/1|gA. (3.11b) 

From here (j3.7p follows from (I2.57p . Similarly, the first two inequalities in (13. Sp follow from (I2.58p . 
By Sobolev composition the remainder of the inequalities in (13.81) follow from (|2.58l) or (|2.54p . □ 

3.3 Proposition 12.Il implies Theorem [T] and Proposition 11.41 

In this section we prove 

Lemma 3.3. For cq sufficiently small (depending only on s, A, X', a and 5i) and for all e < CQiy with 
G (0,1], Proposition \2.1\ imvlies Theorem [IJ 

Proof. From the definition of X in (12.61) . (|1.22l) follows from (|3.7I) . Similarly, (I3.8ap and (j3.8bl) 
imply (|1.21al) and (|1.21cp . By refining the proof of (I2.54ap . it is not hard to deduce (ll.21bl) (all of 
the Sobolev estimates in (I2.54p could be deduced in a Gevrey class, but this was not necessary for 
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the proof of Proposition 12.111 . Naturally, (ll.21ep and (jl.21dp are the same as (|3.8fp and p.8gp . To 
see (11.231) . note by (|2.18l) 

C = Ul- tg, 

and so (ll.23p follows from the Gevrey composition arguments in Lemma 13.21 above and ()2.52dp . 

It remains to deduce (11.201) . By Duhamel’s formula we have for i G {2, 3} 


Uo(t) = - f [uq ■ VuI{t)+< >x) dr 

Jo Jo 

ulf{t) = in- (^Uo • Vn*o(r) + dip^^ + dr. 

We see that (ll.20bp follows easily from Lemma 13.21 and (I3.12bl) . Then (ll.20ap follows from 
Lemma [3^ and ()1.20bp . 


(3.12a) 

(3.12b) 

(ITM . 

□ 


In addition, we also prove Proposition 11.41 


Proof of Proposition \1.4\ Consider solutions with initial data 

e^. By integrating the equation for in ()2.27l) using the a priori 
we see the bound 



+ 

2 

,,3 

> e but 

2 

7/2 

estimates from Proposition 


< 


2 


rsj 


m 


|Q^||gA(t),/3-5 ^ + 


i: 


€^2 




dr, 


which for <C 1 gives ||Q^||(jA(t),/ 3-5 ^ tv {t)^■ Then, by Lemma [C.ll we have the bound stated 
in (jl.25cp after moving to the (x, y, z) coordinates. Then the other bounds in (jl.25p follow from 
estimating the corresponding equations for and in the {X, Y, Z) coordinates using the stronger 
a priori estimate on and 11“^ and then transferring the information back to {x,y,z). The norm 
growth (jl.24p then follows from (ll.25p . using that the deformations from -0 , the nonlinear effects, 
and the dissipation are smaller than the contribution of the initial data. □ 


4 Multiplier and paraproduct tools 

In this section we outline some basic general inequalities regarding the multipliers which are used 
in the sequel as well as introduce and explain the paraproduct decomposition. The purpose is to 
set up a general framework that will make the large number of energy estimates later in the paper 
as painless as possible. 

4.1 Basic inequalities regarding the multipliers 

This section covers the key properties of the multipliers we are using, however the statements and 
proofs can be rather technical and will likely appear unmotivated on first reading. A reader could 
potentially skip this to start and refer back to it whenever specific inequalities are needed. 

In the lemmas which follow, one should imagine that frequencies {k', I') and — — — I') 

are interacting to force {k, rj, 1), as will be occurring in the quadratic energy estimates. 

The first two lemmas explain how to compare the A* and A to each other at various frequencies. 
The first of the pair deals with using the multipliers A* and A in estimating the contributions from 
the leading order fHidLoAype contributions to the paraproducts (see (I4.17P below) and is hence the 
most important. 
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Lemma 4.1 (Frequency ratios for A and A*). Let 9 < 1/2 and suppose 

\k — k',7] — — f\ < 9 \ k,r],l\ . 

Define, for i, j G {1,2,3} and a,b G the weight T{i,j, a, b) given by, 


(4.1) 


r(q i, a, a) = 1, 

r(i, 2 ,o,o) = (^)-^ 

r(i,2,o,^) = W-‘(^ 


r(i,3,o,o) = (t) 


-1 


r(i,3.o.^) = W-‘(^y 

r(2,3.A#) = ((j 2 _y 

r(2.3.A0) = (^>^/ 


/ ^ 


l+5i 


r(3.3.o.^) = (^>/ 


r(i,i,a,6) = r(j,z,6,a) , 
r(i,2,A7^) = (t)-'(^ 

r(i.2.A0) = (r'(^""“ 

r(l,3,75,7^) = (f) 

r(i,3,^,o) = (tr‘(^)"^‘' 
r(2.3.0.^) = (^)/ 
r(2,3,0,0) = 1, 


r/ien t/iere exists a c = c(s) G (0,1) such that for all t the following holds for i G {1,2, 3} and a =/ 
if k fit) (otherwise a = 0/ and b = if k' fiz Q (otherwise b = 0). 


Al{t,p,l) < ^(i,J>,6)24i,(^,e,r)e‘="l"-"'’’?-S’'-''l^ 


(4.2) 


where the implicit constant depends only on s,\,a and k. Analogous inequalities hold also with 
A{t, rj, 1) using that A{t, p, 1) = {rj, 24Q(t, g, 1). 

Proof. Let us simply explain the proof of (14.2|) when i = j and a = b = as the others are the same 
except with the weight F. By (j4.ip and (IA.7p . there exists a c' = <f{s,9) G (0,1) such that 


Alit,r,,l)<{k',^,l') 


f\^ 




^X\k',U'\\c'\\k-k',rj-U-ir+cA\v-i\‘’ 


w{t,r])wL{t,k,r],l) 

Then, by Lemma iRSl land using that wl is 0(1) by (jB.lOp and ()B.9p b 

Ai{t,r],l) < 

Finally, (14.2p follows by (jA.lOp and taking P < c < 1. □ 

The next lemma deals with the remainders in the paraproduct decompositions (see (I4.17P below). 
Lemma 4.2. For all K > 0 there exists a c = c(s, K) G (0,1) such that if 

1 


K 


\k',f,l'\ < \k-k',r]-^,l-l'\ <K\k',^,l'\, 


(4.3) 
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then 


^cx\k',urec\k-k',rj-u-ir 

and if k = k' = 0 then 

All implicit constants depend only on K,X,a and s. 


(4.4a) 

(4.4b) 

(4.4c) 

(4.5) 


Proof. All of the inequalities in (14.4p and (|4.5I) are basically the same, so let us just prove (|4.4cp . 
By (14.31) . ()A.9p . and the triangle inequality for (•), there holds for some P = c'{s,K) G (0,1): 


A 




/ t \ 


-2 


WL{t,k,p,l)w[t,p) \{p,l)/ 


< 


-2 ^c'X\k',U'\%c'\\k-k',rj-^,l-l'\‘ i>y+'2 


{t)-^e' 


WL{t,k,p,l)w{t,p) 

By (jB.ip (and that is 0(1)) and applying (IA.9P again we have 

^kit,ri,l) < ^^y2^c'x\k',ure-'Mk-kkv-U-ir {k '. 

Then the result follows by (lA.lOl) and (jA.lip . choosing c' < c < 1. 

We also have similar inequalities regarding the CK multipliers. 

Lemma 4.3 (Frequency ratios for dtw and dtwif). For all t > 1 we have 



l dtWL{t,k,ri,l) ^ dtWL{t,k,f,,l') , _ ^ _//OO 

WL{t,k,rj,l) WL{t,k,i,l') ’ 


Further, if\k',f^,l'\ > 1 then (14.Gal) implies 


wit,v) ^ {ty 



! (■ //|s/2' 


< 


dtw{t,y) \k',f,,l' \ 
w{t,C) {ty 


{k-k',p-i,i-i'y 


□ 


(4.6a) 


(4.6b) 

(4.6c) 


(4.7) 


Moreover, both (I4.6ap and (14.7p hold if we replace \k,r],l\ and \k,f,,l'\ by \rj\ and |^| (respectively). 
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Proof. First, for (j4.6cp simply note that by — kt\ < \r] — + \r] — kt\ and the fact that A: / 0 (as 

otherwise there is nothing to prove), 


I dtWL{t,k,r],l) 


Vm) 


< 


V\W) 


WL{t, k, rj, 1) \k\ + \l\ + \i] — kt\ \k\ + |/'| + |^ - kt\ 




/\i /2 f\k\ + |/^| + IC ~ ^t\ 
+ \l\ + \r] - kt\ 


< 

r\_' 


ldtWL{t,k,^,l') . .2 


WL{t,k,i,l' 

Let us next consider (j4.6ap and ()4.6bp . First, if \r]\ < 1/2 then it follows that 


dtw{t,r]) ^ ^ ^ |/c - A;', r/- 


w{t,r]) ^ {t) 


(t) 


S rsj 




+ 




from which ()4.6bjl and (j4.6ap both follow. 

Next consider the case \r]\ > 1/2. In this case we still have 

I A:, r?, /r/2 ^ ^ \k-k ', 


{ty 


{ty 


{ty 


which is again consistent with both (I4.6bl) and (l4.6aF To treat the term involving dtw, Hrst since 
dtw = 0 for A > 2|?7|, we may assume that |? 7 | > A/2 > 1. Consider the case that |?? —> 
^m8Lx{\rj\ , 1^1). Then (14.Gap follows immediately from 


l dtw{t,r]) 

w{t,T]) 


I* ^ 7 .' c 7'\^/2 

rs_/ rs-< /i\ S 


Iff ^ {k'ff) 
{t) 


< 1 < iT_ < ' _/„ _ ^\*/2 


{t) 


whereas (I4.6bp follows from 


' dtw{t,r]) ^ ^ ^ < 1 ^ - _ ^y /2 


w{t,v) 


{ty 


{ty 


Hence, it suffices to consider the case \r] — ^ max(|r 7 |, |^|), which implies that \ri\ ^ |^|. From 

here we can apply (IB.Sp . and so this concludes the proof of both p4.6al) and (I4.6bl) . □ 


The next inequality is immediate from the definition of D p2.46p . but useful for separating the 
critical times from the enhanced dissipation estimates. 

Lemma 4.4. For all p > 0 and (A, k, 77 , 1) such that t > 1, there holds 

AT(t,V,I) < U 8 a) 

ATit.v.l) < + (t)-i (Itl + I, - a|).4f (4.8b) 

The next lemma tells us how to treat ratios involving Al and, when combined with the precision 
elliptic lemmas in Appendix 1C.21 forms the core of the technical tools at our disposal. 

Lemma 4.5 (Frequency ratios for A^). If t > 1, then for all p,f,,l,l',k' and k, we have the 
following: 


• approximate integration by parts: for all k 0, 


\ri-kt\ < (r7-0(l^l + l?-^i|); 


(4.9) 
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for absorbing long-time losses: for all k ^ 0 


1 

\k, rj — kt, l\ 





0; 


• for the linear stretching terms 


(4.10) 


1^1 h<2\r,\ ^ _^ dtw{t,r]) _ 

|A:| + |/| + |r/- A:t| w{t,r]) ’ 


(4.11) 


• for (SI) terms: i/ p £ M, 


\k,ri — kt,l\\k\ / t \ ^ 
k"^ + {l')^ + \^ - kt\^ 





w{t,i]) 


{tr 



dtu^ \k^ 
w{t,f,) 


1 . ( \k,r]-kt,l\ 

+ — mm 1,--- 

it) V (kt) 


iU') 



{tr j 

(4.12) 


• For (3DE) terms: if p G M and k', k ^ 0, for a G {1, 2}, 


1 

\k',(-k't,i'r 



< 



{tr J 


{k-k\p-u-l'f 

(4.13) 


• For (3DE) terms in the nonlinear pressure and stretching: if p G M and k',k ^ 0, 


\k,ri — kt,l\\k,f, — k't,l'\ / t ^ 

{k'r + {i'r + \i-k't\^ xJuT/ ^ 

Ik,!] — kt,l\\k'— k't,l'\ / t ^ 

{k'r + {hr + \(-k%^ \(? 7 o/ ~ 


1^1 \k,r]- kt,l\ / t \ ^ 

{k'y + {I'y + \C - k't\^ \ {Ll')/ ^ 


({r + ( (^^) {^-^'’3-^,1- t'f (4.14a) 

dtw{t,g) / I dtwit.i) 

w{t,g) {tr J \\l w{t,() {tr 

dtw{t,p) / ldtw{t,Cj 

^{t,3) {tr ) IvV 

+l){k-k',p-i,l-l'f. (4.14c) 
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For triple derivative terms (these arise in the treatment of (F) terms): i/p G M, 


1^1" , 

/ t 

(fc)2 + (/')2 + |e-A:t|2 

\{(,n 

\v\\i\" + \v\^\i\ , 

/ t 

k^ + (V)^ + \^ - ktl"^ 

MU') 

\rif , 

/ t 

k^ + {I'f + \^ - ktl"^ 

MU') 


< 

r\_; 






(4.15a) 


2/ dtw{t,r]) ( dtw{t,f,) |^| 


s/2' 


V vv 

+ \i\ 1 1 + 


W{t, 7 l) ^ {t) 

\ri\\l\ + \vf 


+ 


w{t,C) (t) 




(4.15b) 


< 

rsj 


(i) 


3/ dtw{t,r]) ( dtw{t,f,) 1^1 


s/2' 


+ 


w{t,r]) (t) 


+ 


wit,0 (i) 


+ min(| 7 ?| , (^ - kt)) 1 + 








(4.15c) 


Remark 4.1. Although many of the above inequalities appear very similar, none exactly implies 
another. 

Remark 4.2. Note that (I4.15P implies 


\r],i\ {vy? 


k^ + {l'? + \f-kty \ (/,/') 




< 


{t) 


3/ dtw{t,r]) ( dtw{t,i) 


+ 


w{t,rii) (t) 


+ 


w{t,f,) (t) 




ijin ))) ^ 




< 


+\i\U+ 


dtw{t,T]) , ( dtw{t,^) 


w{t,v) ^ {i) 

ivJf 


w{t,0 (t) 






Proof. Most of these inequalities use a similar set of ideas based on time-frequency decompositions. 
First, (j4.9p is immediate from the triangle inequality. Inequality (jd.lOp is similarly straightforward. 

Next, consider (|4.1ip. If t G Ir.j. then the result is immediate from Lemma |B. 6 l If t 
then it is similarly straightforward from Lemma lB.61 If t G 1 ^, 77 , and r ^ k then 


1^1 '^t<2\ri\ 


< 


< 


\k\ + \l\ + \ri — kt\ t \k — r\ t ’ 

from which p4.1ip now follows from Lemma IB.61 

Consider (14.121). First, if t <2iei, (■ j^pj) ~ 1 and we have by the same argument used to deduce 

(BUD, 


\k\\k,r]-kt,l\ ^ {i- 7 ^, 1 -I') ^ dtwjt, Q ^ 


k^ + {l'y + \C-kt\^- l + |t-| 


w{t,C) 
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If t > 2|^| then — kt\ ~ \kt\, so that it is straightforward to obtain 

\k\\k,r] - kt,l\ / t \k\\k,ri-kt,l\ . / t y 

k^ + {l'Y + \i-kt\^yW)l - k^ + {VY + \kt\^\^ 


from which (j4.12l) follows immediately. Inequality (I4.13|) is similar. 

Let us next consider (I4.14jl : specifically we will just discuss ()4.14b(i . as the others are similar or 
easier. If ^ > 2k't or ^ < yt or |/'| > |^|, then we immediately have 


\k,T] — kt,l\\k'— k't,l'\ j t 


^ \k,kt,r],l\ 


< 

('N_/ 




+ (//)2 + 1 ^ _ \(^,/')/ - \k%U,C,k>t\\{C,U)/ 

which is consistent with (j4.14bl) . Hence, we only need to consider the case ^ ~ k't and |/'| < |.^|. If 
t ^ \/lll then by \r] - kt\ < |^ - k't\ {t) {r]-^,k- k'), we have 

\k,r] — kt, l\ 


(t) {r]-C,l- I') , 


\k’,^-k't,V\ 

which is consistent with ()4.14bp by Lemma lB.3l If t S lk',r} Ll then it follows that 


\k, rj — kt,l\ \k'— k't, I' 

{k'Y + {I'Y + 1C - ky 


< 


\k,t\k-k'\,l\ 

\k',l',i-k't\ 


hi - 0 ^ 


1 + 




{k -k',T]-i,l 



from which the result follows now from Lemma lB.31 If t € hut t 0 then by Lemma IB.21 
it follows that 


\k,r]-kt,l\\k',^-k't,l'\ ^\k,t\k-k'\,l\ ^ , ,, ,^2 

{k’y + {l'Y + \^-ky {k',t,U) ’ /’ 

which is consistent with ()4.14bp . Finally, if t G 1,.^^ with r ^ k', then 


|fc,r? - kt,l\ |fc^g - k't,l'\ ^ \k,t{r - k) ,l\ _ ,,v 2 

{k'f + {l'f + \^-k'y ^ {k',1',t\k'- r\) ^ ’ ' ’ 

which is also consistent with ()4.14bjl . 

Let us next turn to the inequalities in (j4.15p . These follow the same general pattern, so let 
us focus on one which is especially not obvious, ()4.15bp . and omit the others for brevity. First, if 
t > 2|, or t < ^, then — kt\ > kt which implies 

\v\i^ / t y^ \r^\p / t y 

k^ + {i'r + \c-ky\{^,i')/ ^ k‘^ + {i')‘^ + \y + \ky\{^,i')/ ’ 

which is consistent with (l4.15bD. If t ~ I- and 


P + (/')2 + |.e - ky \ l') / ^ + (/')2 + 1^ _ kt\ 


< 


\kt\ P 


{r]-0 


< 


\k,^ — kt,l\ 


{k,r]-^,l- I'Y 


which is consistent with (I4.15bp by Lemmas IB.31 and Lemma 14.31 Finally, if t 
see immediately that 


\riy 

A;2 + {I'Y + 1^ - ky 



which is consistent with (I4.15bh . 


I and |/| > 1^1, we 


□ 
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4.2 Paraproducts and related notations 

In this section we discuss the type of paraproducts decompositions we will be using (introduced by 
Bony m ). Due to the vast number of terms (many cubic order or higher due to the coordinate 
system) we make use of several shorthand notations to reduce the length of the technical details. 

By convention, we will use the homogeneous variant of the paraproduct and utilize the following 
short-hand to suppress the appearance of Littlewood-Paley projections: 


fg = fmgLo + fLogHi + {fg)^ 

= fMg<M/8+ Y f<M/sgM+ Y Y fMgM'- (4-17) 

Me2^ Me2^ Me2^ M/8<M'<8M 

Next we explain how to go directly from the shorthand to energy estimates. 

Lemma 4.6 (Paraproducts for quadratic nonlinearities). Let s € [0,1), ^ > 0, p > 0. Then, there 
exists a c = c(s) G (0,1) such that the following holds, 


WfmgLoWg^^.P < ll/IIgM.P ll5llg;c^,3/2+ (4.18a) 

\\{fg)Tl\\gp,P < \\f\\gcp,p \\g\\gcp,3/2+ (4.18b) 

I {Whe^\^\^ {WifmgLo)dV < \\h\\g,„ ||/||g,„ \\g\\g.,,s/,+ . (4.18c) 

Remark 4.3. In most places in the proof, p = 0 as normally the multipliers d® or d®®’® are playing 
the role of the norm. 


Proof. Let us first prove (|4.18al) . From almost orthogonality (IA.2p . 


WfHigio 


||2 

Wgp.p 


Y \\fNg<N/8\\Y 

N£2^ 


EE 

Ne2'^ k,l ■ 


E 

k'l' ■ 


^u\k,V,l\" 


{k,v,iy fk' (C, l')Ngk-k' l')<N/8df 


drj. 


By (IA.7I) and the frequency localizations due to the Littlewood-Paley projections (see Appendix 
there is some c = c(s) G (0,1) such that 


ei' ■'« 


WfHigLoWgp.p SEE 

Afe2Z k,l ■ 

^^c^lk-k',r,-u-ir /')<7V/8| dYdrj 

By (IA.3P and almost orthogonality again, 

..o ^ 


\\fmgLoWgp.p 


< Y \\fN\\g>^,p\\g<N/8\ 

Are 2* 


QcfJ,,3/2-\- \\f\\g..p\\g\\ gcp,3/2+ 


which completes (I4.18ap . 

Next, for (|4.18bp . by the triangle inequality, the frequency localizations due to the Littlewood- 
Paley projections (see AppendixEP, and ()A.9p . there holds for some c = c(s) G (0,1) (not necessarily 
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the same as above) 





Afe22 

< 


Afe2Z 

< 

E 


IlgM.p 


.N£2^-.N<1 N£2^:N>1/ \k’,l'' 


ri \J^ 






1/2 


= L + H. 


For H we have by (jA.3h . 

H<1 Y1 ^^’•WMg.kAs ~Ar||gcM,3/2+25 < ||/|| gc ( i,p \\g\\gc^, 3/2+25 , 
l<Are2Z 

which suffices for (|4.18bp . For L we have by Bernstein’s inequalities, 

\\fN9k^N\\2 ^ X] ll5'~Af|l2 ~ X] Wf^h llfi'~Ar|l 2 ^ II/II 2 Il5'll2 ) 

Af<l Ar<l N<1 

which completes the proof of (j4.18bp . 

Finally, ()4.18cp follows from p4.18al) and Cauchy-Schwarz. 


□ 


Due to the coordinate system, many of the nonlinear terms we are working with are higher order 
(up to quintic). For dealing with cubic nonlinear terms, we have 

fgh = ^ fNg<N/8f^<N/8 + gNf<N/8^<N/8 + f<N/89<N/8^N 


N&2^ 


+ 


(E 


fNg<N/8hr.N + ^ fNg^Nh<N/8 + E fr^Ngr^Nh^N 


+ y~lgAf/<Af/ 8 ^~Af + y~lgAf/~Af^<Af /8 
+ ^ ^Arg<Ar/8/~Ar + hjyg^N f<N/8'^ 

■= fm{gh)Lo + gHi{fh)Lo + hHi{gf)Lo + {fgh)n- 


(4.19) 


Note the short-hand {gh)io = gLohio- We may iterate this idea and derive decompositions for 
quartic and quintic nonlinear terms as well (now applying the above short-hand). For quartic 
terms, 

fghk = ^ fNg<N/8h<N/8k<N/8 + ^ f<N/8gNh^N/8k<N/8 

N N 

+ ^ f<N/8g<N/8hNk^N/8 + ^ /<Ar/8g<Af/8^<Af/8^Af + {fgkk)n 

N N 

:= fHi{ghk)Lo + gm{fgk)Lo + hHi{gfk)Lo + kHi{fgh)Lo + ifghk)^, (4.20) 


where the remainder term {fghk)'n, includes all of the frequency contributions not included in the 
leading order terms. We make an analogous decomposition also for quintic terms. We have the 
equivalents of p4.18ap . (I4.18bp . and ()4.18cp . 
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Lemma 4.7 (Paraproducts for higher order nonlinear terms). For all fj, > 0 and p > 0, there is 
some c = c(s) G (0,1) such that 


WdHiifhkj) Ilfl'IlcjM.p ll/ll(Jcn,3/2+ 

^ ll^llg=M.3/2+ ||A:||gcM.3/2+ ||j||gcM,3/2+ (4.21a) 

\\{f ghkj)'fl\\gij,,p ||fl'||gc;i,3/2+ 11 / 11 gc/i,3/2+ 11/l 11 gc/i,3/2 + 

^ \\k\\gci^,3/2+ \\j\\gcp,,3/2+ (4.21b) 

I (V)^’ge^l^l^ (V)^’ {gm{fhkj)Lo)dV <p \\q\\gp,p \\g\\g„p \\f\\gcp,3/2+ 

^ \\h\\gc+,3/2+ ||A;||gc^,3/2+ \\j\\gc^L,3/2+ ■ (4.21c) 

Analogous estimates hold also for the cubic and quartic decompositions in (j4.19p and (I4.20|) . 


One hnal shorthand we would like to introduce involves the inner products that appear in the 
energy estimates below. Consider, for example, a typical Gevrey energy estimate involving three 
quantities f,g, h, where generally h will be a product of several low frequency terms: 



l')mk-k'{v l')Lodgdi. 


By the frequency localizations of the paraproduct and (jA.7p . for some c = c(s) € (0,1) we have (by 

gug)). 


f fe^\^\‘{gHihLo)dV < ^ ^^(r/, 0 

J h i h' V 


k,l,k\l 
X e 


cA|fc—fc^,? 7 — 


hk-k'iv -i,l- 1 ')lo dgdi 


< 

rs_/ 


g^ \\g\\g^ \\Hg<=^,3/2+ ■ 


The low frequency factors will generally all be put in the norm ^'^'^>3/2+ hence it makes sense 
to use a short-hand for the low-frequency factor as ||/i||gcA. 3 / 2 + Low{k — k',g — f^,l — I') where the 
function Low is taken as an 0(1) function in ^'^’3/2+ which may change line-to-line like the 
implicit constants). For example, 


e^\^\^fe^\^\^{gmhLo)dV:=\\h\\g+,y,+ J] [ 

k,i,k',i' 


X Low{k — k',g — f,,l — l')dgdf 


< 

r\j 


< 

r\j 


„A|fc,7?,zr 


||/l||gA,3/2+ ^ / 

k,l,k',V 

X Low{k — k',g — f^,l — l')dgdf 


fk{g,l) I \gk'{i-,l')Hi\ 


gA \\g\\gx |Ki||gcA.3/2+ 


(4.22) 


The utility of this short-hand will quickly become clear in the course of the proof. 

One final shorthand we would like to introduce involves the inner products that appear naturally 
in energy estimates. Consider for example, a typical energy estimate involving three quantities 
/, g, h, where generally h will be a product of several low frequency terms: 


/ /£"'’'■ (shMcIV 


1 

(27r)3/2 


k,i,k',i' 


49 

















By the frequency localizations inherent in the shorthand and (IA.7p . for some c = c(s) G (0,1) we 
have 


I {gHihLo)dV < g ^ ^ |/)| ^ 

hk-k'ir] 1 ')lo drjdi. 




X e 


cX\k—k',r}—^,l—l'\^ 


However, this can get quite tedious, especially when multiple computations like this are being done. 
Instead we refer to all “low frequency” garbage by an 0(1) function Low{k — k',r] — ^,l — I') which 
is taken to absorb any additional derivative losses that arise, that is for example. 


k,l,k',l' 

X Low{k — k',g — ^,l — l')dgd^ 

^A|fc,7?,zr 


< 

r\j 


IgA,3/2+ ^ 

k,l,k',l' ' 


V,^ 


fkidJ) I \9k'{^j')Hi\ 


X Low{k — k',g — ^,l — l')dgd^, 


(4.23) 


the advantage being that it shortens the notation when /i is a complicated expression or when there 
are multiple sources of derivative loss on h involved. The utility of this short-hand will quickly 
become clear in the course of the proof. 


4.3 Product lemmas and a few immediate consequences 

The first product lemma is an immediate consequence of Lemma 14.61 

Lemma 4.8 (Gevrey Product lemma). For all s G (0,1), /r > 0, and p > 0, there exists c = c(s) G 
(0,1) such that the following holds for all f,g^ : 

ll/sllg+.p ||/||gcM.3/2+ Ibllg+.p + llfl'llgcM,3/2+ H/Hg+.p j (4.24a) 

in particular, is an algebra for all p > 0 by (jA.lip ; 


ll/ffllp+.o- ll/llp+.p lls'llg+.p • 

The constant in ()4.25p can be taken independent of p for p >3/2. 

Next we state the following product lemma for A and related CK terms. 


(4.25) 


Lemma 4.9 (Product lemma for A and A*). Let p >0 and r > —a. Then there exists a c = c(s) G 
(0,1) such that for all f,g 


\Vf{VyA\fg)\\^ < ||/||gcA.3/2+ IllVr (V)M*ff|| 


dtw ^ lV|*/2' 


w 


{tr 


A\fg) 


< 


+ ll9llgcA,3/2+|||V|P(V)”A7||2 


(4.26a) 


gcA,3/2+ 


w 


{ty 


A^g 


+ ll5'llg=>,3/2+ 


dtW ^ 


w 


{ty 


A^f 


(4.26b) 


Further, if we assume f and g are independent of X then the above also holds with A* replaced by 

A. 
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Proof. The proof of (I4.26ap are immediate from Lemmas 14.1114.21 and 14.61 Let us briefly comment 
on how to prove (I4.26bl) : let us just prove it in the case of A for / and g independent of X as the 
more general case is similar. We would like to conclude quickly from Lemma 14.31 however, we have 
to see that we can apply ()4.7p rather than (|4.6ap . Define the multiplier 








Expand with a paraproduct expansion and apply the multiplier 


||A^(/5')ll2 < \\M{fm9Lo)\\2 + \\M{fLogHi )\\2 + \\M{fg)n \\2 

= Thl + Tlh + T-ji- 


By symmetry it suffices to treat only one of Tjji and T^h- Analogous to the proof of (|4.18al) . from 
almost orthogonality (IA.2p . 

[Thl)^ ^ ^ \\-M{fN9<N/s)\\2~^ ^ \\-^(fN9<N/s)\\2 — ^ 

Ne2'^:N<l Ne2'^:N>l 


In bounding the H term as in (I4.18ap use Lemma (4.II and (|4.7h by the frequency localizations; then 
the proof proceeds as in (I4.18ap . In the low frequency terms we may use that 


\\-M{fN9<N/8)\\l^ ^ 

N&2^:N<1 Ne2^:N<l 

and then apply (I4.6bp followed by an argument analogous to the proof of (I4.18al) : we omit the 
details for brevity. This completes the treatment of the Thi term (and hence Tlh as well). 

To treat the remainder term we may proceed analogous to the proof of ()4.18bp . applying ()4.5I) 
and ()4.6bp : we omit the details for brevity. □ 

Together with (j2.16l) , Lemma 14.91 and Lemma 14.81 imply the following lemma (as long as C 
remains sufficiently small of course). 

Lemma 4.10 (Coefficient control). Define 

+ + (4.27) 


Idtw |V 


s/2 


+ 


W 


{ty 


{fN9<N/8) 


Then, under the bootstrap hypotheses for cq sufficiently small, we have for h G 


{vy^Ah ^ 

\\Ah\\, 


< 


< 

rs_/ 


perils 

IIVACII2 



< 

2 

(V)"^ Ah 

< 

2 ~ 





(4.28a) 

(4.28b) 

(4.28c) 

(4.28d) 


51 



























































Furthermore. 


{vr^AAtC 


< 




{vrUAtC <||V^C|| 


(V) 


-2 


dtw 


AAtC 


w 


(V)"^|V|"/^ AAi 


< 

r\^ 


< 

rs_/ 




w 


{tr 


IVI"/^ AC 


(4.29a) 

(4.29b) 

(4.29c) 

(4.29d) 


Similarly, for any fi > 0 and p>0 (the constant can he taken independent of p forp > \): 


(4.30) 


Remark 4.4. An immediate consequence of (|4.30l) together with (|2.52ep implies that any time the 
coefficients or G appear in ‘low frequency’ in a paraproduct, they satisfy the a priori estimates 


ll^t/llgA.^-i + IIV'^llgA.^-i + ||G||gA,7-i < max(co,e(t)). (4.31) 

Together with et(yt^') ^ < cq (|4.31l) shows that when there is enhanced dissipation present, 

we generally need only treat the leading order terms that arise from the approximation V* ~ V'^ 
(recall the definition (ll.Sp l. 

Remark 4.5. Even when enhanced dissipation is not present, the coefficients do not depend on X 
and hence do not shift the frequencies in X. This is of absolutely crucial importance, since it means 
the approximations made in 112.41 will not be badly disturbed by the presence of the coefficients. 
This will mean that even when there are no powers of > terms in which coefficients appear 

in low frequency are generally treatable with an easy variant of the treatment used on the leading 
order terms. Accordingly, these terms are generally omitted except for a few exceptions when the 
structure is changed appreciably by the coefficients. 

We can deduce the following important lemma, which is an easy variant of an analogous lemma 
proved also in |12] . Hence, the proof is omitted. 

Lemma 4.11 [A'^ Product Lemma). The following holds for all f^ and such that 

||^""(/V')||2 < ||/'||gA.,+3.+2 ||^""/'||2 ■ (4.32) 


Moreover, if also f^ = f^, then we have the product lemma-type inequalities 



/,\2+(5i 





(4.33a) 



J|A"’V"||2 + ||^"’V^||2 


J 

(4.33b) 



jA‘'-^^f\ + \\A‘'-^^f% 

{xf~^A^’^f 

J- 

(4.33c) 
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5 High norm estimate on 

First compute the time evolution of in L^: 


1 d II i9^9l|2 C 

25* « 11^ S A 




w 




Wl 


+ z/ / ( AtQ'^ )dV - I A^Q'^A^ ( U • VQ^ ) dV 


2/^2 a 2 


- J A^Q^A^ {Q^dp^ + 2d\u^d\dp^ - d^y {dp^dpp dV 
= -VQ'^ - CKl +Ve + T + NLSl + NLS2 + NLP, 


(5.1) 


where we used the definition 

Ve = u J Ap^A^ ((At - Al)Q^^ dV. 

Let us here introduce the following enumerations. For i,j G {1, 2, 3} and a, 6 G {0, /}: 

NLP{i,j,a,b) = J App^ ( 9 ^ {^dppp)) dV (5.2a) 

NLSlij, a,b) = -j App‘^ {Qidpi) dV (5.2b) 

NLS2{i,j, a,b) = -J App-^ {djpdpp) dV (5.2c) 

NLP{i,j,0) = I AplA^ {dpodtp)) dV (5.2d) 

NLSlij, 0) = - J A‘^QIA‘^ {qPP^^ dV (5.2e) 

NLS2ii,j, 0) = - I AplA^ (^dpppp) dV (5.2f) 

N=-j APIA‘S [djop {upf)^ - dppj dV (5.2g) 

To = - y AplA"^ {Uo ■ VQl) dV (5.2h) 

'T^ = - j {u ■ dV (5.2i) 


We have divided the nonlinearity up based on the heuristics of 1)2.1.41 as each type of interaction 
warrants a different treatment. Note that we have split T into three contributions; To (the (2.5NS) 
interactions), 7^ (the (SI) and (3DE) interactions), and a contribution that is grouped with P 
(the (F) interactions). Similarly, we have split the NLS and NLP terms into several contribu¬ 
tions: ALiS'l(j, 0), NLS2{i,j,0), and NLPii,j,0) (the (2.5NS) interactions), the NLSl{j,a,b), 
NLS2ii,j,a,b), and NLPii,j,a,b) (the (SI) and (3DE) interactions), and a contribution that is 
grouped with P (the (F) interactions). This kind of subdivision will be used repeatedly in the 
sequel. 
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5.1 Zero frequencies 

The nonlinear terms associated with zero frequencies tend to have a very different flavor than those 
of the non-zero frequencies. 


5.1.1 Transport nonlinearity 


Here we consider the nonlinear interaction of two zero frequencies in the transport nonlinearity 
(hence, these are of type (2.5NS)), dehned as To above in (15.2p . We further subdivide by frequency: 


To = -j IUo-VQl)^^dV- j {A^QI)^^A‘^ (Uq 


VQ( 


dV 


<1 




On the high frequencies we can use Lemma 14.91 and the frequency projection to deduce (recall 

(USD): 


Tn^ <\\A^Q 


>l|l2 


A^Uo- VQl 


< 


>1 

2/-i2||2 
2 


{\\A^g\\^ + \\A^U^\\^)\\VA^Ql\ 

V^lA^Q' 


where the last line used (12.581) and (|2.52cl) . This term is then absorbed by the dissipation for cq 
sufficiently small (depending on of course). 

Turn next to the low frequencies 7)/". This term requires a slightly more precise treatment as 
we cannot add to the leading factor. Separate into two contributions: 

ro^ = -J {gdYQl)^,dV-J {A^Ql)^,A^ {U^dzQl)^,dV 

= %^ + ru^. 

For we have by Sobolev embedding and (I2.52dl) . 


||(^'Qg)<i||2 A^gdyQl) 


<1 


< 

rs_/ 


Qoh WdvQ^ 


loo ||^0||2 


0112 ^ 


\A^Q^\t 




which suffices for Proposition 12.11 for cq and e sufficiently small. For 7^, first note 

'Tu<Yl [ mi-noiiv-c,I-n\dvdc. 

1,1' d 

Then since I ^ I' on the support of the integrand, at least one of I or V is non-zero, and therefore 
we have by (jA.ip . 

'^u < Wh II2 PzQ‘^\\m+ + \\dzQ\ ||l/oi2 PzQ‘^\\m+ 


<e\\VUl\\l + e 




where the last line followed from ()2.51dp . and ()2.58p . By ()2.54p . this is consistent with Proposition 
o for Co chosen sufficiently small by absorbing terms with the dissipation and integrating, as 
discussed in (j2.59p . 
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5.1.2 Nonlinear pressure and stretching 

These terms correspond to the nonlinear zero frequency interactions in the pressure and stretching 
terms, and so are of type (2.5NS), Due to the ellipticity of at the zero frequency and the fact 
that Aq = ^ 0 , all of these terms are similar. 

Consider the nonlinear pressure interaction with i = j = 3, denoted NLP{3,3,0) (recall (I5.2p ). 
as a representative example; the other contributions can all be treated with a very similar approach 
(or are slightly easier due to low frequency decay estimates on Uq) and hence these are omitted for 
the sake of brevity. As in the transport nonlinearity above in i)5.1.1l we divide into high and low 
frequencies 


NLP{3,3,0) = -I (A^d^ + 

= P^ + P^. 


{A^Ql)^^ {A^d^y{d^,U^d^,U^))^^dV 

(5.3) 


Consider the high frequency term first. We have by Lemma 14.91 Lemma l4.10( and ()2.52ah : 


pH < 


< 


< 


< 

rs_/ 


IVA2g2||^ (1 + PCII 2 ) WA^dy {d^zUld^zUl) II 2 

((1 + \\AC\\f IIACII 2 WVA^U^Wl + (1 + ||AC||)3 Wv^A^uIW^ ||VA2c/3||2 




VA^U^Wl + \\V‘^A^UI\\^ \\VA^Ul\\^ 


(5.4) 


By (I2.58P and Lemma 1C.41 (specifically (IC.SP ) we get 

WVA^U^Wl + \\V^A‘^Ul\\^ IIVA^C/^II^ < \\AU^\\^ \\^AU^\\, < e {\\^A^QI\\^ + HVC/^H^ + ^ \\VAC\\,) . 
Applying this to (15.41) implies 


pH < 




+ e 




+ e 


|Vt/3| 


+ e3||VAC'|| 


which can be absorbed by the dissipation and time-integrated to be consistent with Proposition 12.II 
by choosing cq sufficiently small via the bootstrap hypotheses (I2.52ap . (12.511) and (I2.54p . 

Turn next to the low frequency term in (15.3p . Unlike the transport term in i)5.1.1l there are 
enough derivatives to absorb this term with the dissipation in a relatively straightforward manner. 
Indeed, by Sobolev embedding and Lemma 14.101 we have 


< IIQ^IL (1 + llV’.lloo) 11^ {dzU^d^zUDW, 

< ||Q2||^(1 + ||C||^,/,+ )3||vUo15,3/.+ 

where the last line followed by ()2.54l) . This is consistent with Proposition 12.11 by (I2.54p for cq 
sufficiently small. This completes the treatment of NLP{3,3,0). As mentioned above, the other 
NLP and NLS terms are treated in the same way and yield similar contributions so are omitted 
for the sake of brevity (note for NLSl, one should use Qq = A^Uq in order to see so that 
viscous dissipation can be used). 
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5.1.3 Forcing from non-zero frequencies 

We now turn to nonlinear interactions of type (F): the interaction of two X frequencies k and —k. 
Further divide via, 

x = -1 A^QlA^ ( 445 * - 444 dv 

= + F‘^ + F^. 


All three are treated via variants of the same basic approach which will ultimately come down to 
applying the appropriate multiplier estimate in (j4.15p depending on the combination of derivatives 
present. Hence, we will treat the example and omit the others for the sake of brevity. We begin 
by expanding via a quintic paraproduct decomposition (see ^4.2|1 (the term is quintic due to the 
presence of ijj in the derivatives). However, by Remark 14.41 the terms involving the coefficients are 
much smaller than the leading order contributions unless they appear as the high frequency factor 
in the paraproduct. Therefore, we expand in the following manner: 

= E / A^QlAldydydz (UDlo) 

+ Y,I A^QlAldYdYdz{[U^.k)LoiPl)m) dV 

+ J2 [ {{i’y)mdYdYdz ((C/4)^, {ul)J) dV 

+ Y,j {dY{^y)mdYdz {{UIu)lo H)lo)) 

+ / A^QlAl {dYdY{i^.)mdz{{Ulu)LoH)Lo))dV 

+ ^n,c 

= ^HL + ^LH + P'ci + ^C2 + -^C3 + 

where here F^ q includes all of the remainders from the quintic paraproduct as well as the higher 
order terms involving coefficients as low frequency factors. Turn first to Ffj^ (recall (I2.57P the 
shorthand discussed in (j4.23p above), which by (14.2h . can be bounded by 


T^2 <4 


■EE 


A^Ql{r],l)A^{r],l) 


(t) ' 

X Low{—k, r] — — l')dr]d^ 


\d\"\l\ 


k^ + {vy + 1 ^ - kt\ 


,XLUl{U')m 


{tr“ 


< 

~ '■\2—(Si 


A^QUv,l) 


{«4'> 


p + {dy + i-e - kt\ 


,XLA^Ul{U')m 


Low{—k, r] — ^,l — 


Hence, by (j4.15bp (with p = 2) and (I4.18cp (with p = p = 0) this can be estimated via 
et^ 




{vF) 
+ 


dtw ^ |V|"/2 




w 


{ty 


dtw |V|"/2\ , 

- 1 - 77 ^ A A,lU._ 

w {t) J 


(t)2-^i {i,FY 




l')dpd^. 
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which, after the application of Lemmas 1C.51 and 1C.61 is consistent with Proposition 12.11 for cq 
sufficiently small by absorbing the leading terms with the dissipation energies and integrating the 
others, as discussed in (j2.59j) . 

Turn next to F'^^, for which we use a similar approach as Ffjj^. Indeed, by (14.2p followed by 
()4.15bh (with p = 1) and (I4.18cjl (with fi = p = 0) this is estimated via: 


^LH ~ 




EE 

1 , 1 ' ■ 


A^Ql{p,l) 


\v\"\i\ 




ALA^um,nm 


fc2 + (P)2 + |^_ 


Low{—k, rj — ^,1 — l')dpd^ 


< 


+ 


dtw ^ |V|*/^ 




w 


{ty 


dtw ^ |V|*/2 


w 


{ty 


A^AlU^ 


{vFy 


^lA^Q^ WA^AlUIW^, 


which, after the application of the precision elliptic lemmas, Lemmas 1C.51 and 1C.61 is consistent 
with Proposition 12.11 for e sufficiently small. 

The most difficult coefficient term is F^,^, since two derivatives of the coefficients are being 
taken. By Lemma l4.11 (j4.18c|) and Lemma 14.101 we have 


Fh< 


wFr t^oti 


< 


< 


\2-<5i ^,,+3\2a 


EE/ yzitHml Low{k,ri - - l')dpd^ 




+ 


2 (l^F) 


2a 




which is consistent with Proposition 12.II bv the bootstrap hypotheses. Note that the inviscid damp¬ 
ing which produces t25i-4 second factor is not necessary to treat this term, and indeed, it 

is not present in the analogous term in F^. All of the other coefficient high frequency terms are 
easier and give similar contributions and are hence omitted for brevity. As discussed previously, the 
remainder terms F^ ^ are significantly easier and yield similar contributions (except smaller) as the 
leading order terms (though note some terms involving coefficients in low frequency may require a 
different inequality in (I4.15P than the leading order term). 


5.1.4 Dissipation error terms 

Recalling the definitions of the dissipation error terms and the short-hand (I4.27p . we have 

VE = y j A^QlA^ (a^ - Al) QldV = uj A^Q^A^ {GdvYQl + 2YzdYzQl) dV. (5.5) 
The two error terms are very similar, so just consider the first and expand with a paraproduct 
z. I AlQlAl {GdYYQl) dV = u j AlQlAl {GmidYYQDLo) dV + u J A^Q^AI {GLoidYYQDm) dV 

+ uj AlQlAl {{GdYYQl) e) dV 

= Dhl + Deh + Dti- (5.6) 
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By Lemma 14.11 and (I4.18cp followed by Lemma 14.101 and (j2.51dp , 


Dhl < \\A^QI\\2 l|VAC7||2 ||VQ2||^^3/^^ < ||V^C||2 + cqu 

Note by (I2.52ap . 



c^^ue^\\VAC{t)\\ldt<coe^KB. 


(5.7) 


Hence, for cq sufficiently small (relative to Kb of course), the first term in (15.7p will make a 
contribution to the energy estimate in (j5.ip that is consistent with Proposition 12.11 (naturally, the 
second term is absorbed by the dissipation in (I5.ip i. This completes the treatment of Dhl- 
To treat the second term in (15.61) . apply Lemma [4.101 (14.21) and (I4.18cl) to deduce: 


Dlh <coi^Yl / l)Al{v, 0 lei' Qlic, I - nmLowiv -u- n 




drjd^ 


coi^Yl / vA‘^Ql{v,l)Al{^,nmQl{C,l-nmLow{v-C,l-n dr^di 


iMeZ' 


^ Cal' 




which is then absorbed by the dissipation for cq chosen sufficiently small. 

To treat the remainder term in (15.61) . we essentially apply the same proof as Dhl- Indeed, 
applying Lemma 14.101 (14.4p , and (j4.18bj) , we have 


Dn<i^ \\A^QX l|VC||g..3/2+ ||VQ^||g,,3/2+ 


< 




\\VAC\\l + cou 




2 

7 

2 


after which the treatment follows as in (15.71) . This completes the treatment of the first error term 
in (j5.5p . The second error term in (15.51) is similar to the first and yields the same contributions so 
is omitted for the sake of brevity. 


5.2 Non-zero frequencies 

Next we consider the contributions to (j5.1l) that come from the evolution of non-zero X frequencies. 


5.2.1 Nonlinear pressure NLP 

5.2.1.1 Treatment of NLP(l,j, 0, 7 ^) 

Recall the enumeration (15.2p . Here j G {2,3} due to the structure of the nonlinearity (a key null 
structure). The case j = 3 was singled out in ^2.41 as a leading order nonlinear interaction of type 
(SI) in Q^. We will concentrate on this case and omit the treatment of j = 2, which is treated with 
the same method. 

This term is quartic (in the sense that the nonlinearity is order 4) and we use the paraproduct 
decomposition described in (14.21 We will group terms where the coefficients appear in ‘low frequency’ 
with the remainder, as these are weaker or similar due to Remarks 14.4l and l4.51 Hence, we will expand 
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with the paraproduct but only keep the coefficients around when they are in high frequency: 

NLP{1,3,0,^) = J2 [ A^QlAmdy-tdx){{dzU^)^JdxUi)m))dV 

Y, I A^QIA^ {{dy - tdx) {{dzUl)m{dxUl)Lo)) dV 


k^O' 
+ 


k^O' 


+ Y {ii^y)Hi{dY - tdx) {{dxUl)Lo{dzU^)Lo)) dV 


k^O' 


+ Yj J ^^QkA^ {{dy — tdx) {{dxUl)Lo{'4’z)Hidy{Ul)Lo)) dV 


k^O' 

+ Pti,c 

= Plh + Phl + Pci + Pc2 + Pti,c, 

where Pti^c includes all of the remainders from the quartic paraproduct as well as the higher order 
terms involving coefficients as low frequency factors. 

Turn hrst to Plh, which by (j2.58p and (j4.2p is bounded by 


Plh < min(et,co)^ 

k^O- 

min(et, cq) Y 




Hi 


Low{r] — — l')dr]d^ 


< 


k^O' 


A^QlHl)- 


{t] — tk)k 


k^ + \lf + \^-tk\Y{^,l')/ 

Therefore, by (14.121) (with p = 1) followed by (I4.18cp 


-)A^ALUl{U')m 


Low{r] — — l')dT]d^. 


Plh < Co 


+ e 


dtw ^ |V|"/^' 


w (t) 

yP^A^Q^ WA^AlU^W^. 


dtw |V 

w ^ (t)" 


s/2' 


A^AlU^ 


By Lemmas 1C.51 and 1C.61 together with the bootstrap hypotheses, this is consistent with Proposition 
O for Co and e sufficiently small. 

Turn next to the contribution of Phl, which by (I2.57P is estimated via 


Phl < 


{upy 


■EE/ \A^^^{rj, l)Al{rj, 1) \r, - kt\ |/'| ul{i, l')mLow{k, r^-^-l') 


k^O 1,1' 

Therefore, by Lemma l4.II followed by p4.18cp . 


dr]d^, 


Phl ^ 


{vpy 


■EE 


1 , 1 ' 


A^Ql - , \l'\ aF^{^, l')HiLow{k, rj-i,l-l') 


'{W) 


2 / t 

W) 


drjdS, 


- {t) {upy 


yPPA^A^Q^ \\AU^ 


< 


Y^lA^Q‘ 


+ 


A II 2 

4|Lc„‘||L. 


2 ' (zyt3)2« 

After applying Lemma 1C.41 this is consistent with Proposition 12.11 using p2.52bp and p2.5ip . 
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Turn next to Pci■ By ()2.57p , ()2.58p , and Lemma 14.11 we have 


Pci ^ 




\A^Ql{ri,l)Al{r],l)iliy{i,l')Hi\Low{k,r] - - l')drjd^ 

' k^o 1,1' 


< 


eH^ 




EE 

fc^O 1 , 1 ' ■ 


A^Qlivjy 


{UY 


2 / t 

a,I') 




Lo'w{k, rj — — l')drjd^. 


Hence, by p4.18cp and Lemma 14.101 we have 


-Pci ^ 


eh 

{upy 


{vr^AiPy 



{utT 


jYq^ 



eh^ 

{utT 



Both terms are consistent with Proposition 12.11 (in particular, by (l2.52bp L This completes the 
treatment of Pci- The second coefficient term, Pc 2 , is very similar: there is one extra derivative 
landing on the coefficient but there is one less power of time from the low frequency factor. By 
Lemma [4.11 we will be able to balance the loss by the gain and apply essentially the same treatment 
as we did for Pc 2 - Hence, this is omitted for the sake of brevity. 

The remainder and coefficient terms P-ji^c are omitted as they are easier or very similar. This 
completes the treatment of A^LP(1, 3,0, 7 ^). Similarly, the treatment of A^LP(1,2,0, 7 ^) is more or 
less the same and hence this is also omitted for the sake of brevity. 


5.2.1.2 Treatment of NLP{i,j,0,^) with i £ {2,3} 

These terms constitute nonlinear interactions with the Y and Z components of the streak, which, 
since they are much smaller than the X component, are expected to be easier to handle. On the other 
hand, due to the nonlinear structure, the Y, Z contributions come with and (respectively) 
derivatives on the non-zero frequencies, which are more difficult to deal with than dx derivatives. 

We will demonstrate how to deal with these terms by the example of NLP{2, 3, 0, 7 ^), which is 
one of the leading order terms. The remaining terms yield analogous contributions and are omitted 
for the sake of brevity. This term is quintic, however, as in the treatment of NLP{1, 3,0, 7 ^) above 
in T5.2.1.11 we will only deal with the presence of the variable coefficients when they appear in high 
frequency. Hence, expanding with a quintic paraproduct and focusing only on the leading order 
contributions gives 

NLP{2,3,0,^) = Y^ [ A^QlAmdY-tdx){{dY-tdx){Ul)m{d^zU^)Lo))dV 
+ Y,j {{dv - tdxYidy - tdxYUDUd^zUDm)) dV 

+ ^ / A^QlA^{^l;y)H^i^Y-t^x)i^YiU|)Lo{^^zU^)Lo))^^ 

+ [ ^^Qk^^ {{dy -tdx){{Yy)m{dY -tdx){Ul)Lo{dzPo)Lo)) dV 

k^O'' 

+ P'R.,C 

= PhL + PlH + Pci + Pc2 + P'R.,C, 


60 





























where the term Pti^c contains the remainders from the quintic paraproducts and the higher order 
terms where the coefficients are in low frequency. Consider hrst Phl- In this case, we have by 
(ICT) and (lOl . 


PHL<e'^ / A^Ql{T],l)Al{r],l)\r] - tk\\^ - tk\U^{^,l')Hi Low{r] - - l')di^di 


< 


p: 


{W)/ k^ + {i'Y + \i-ktY 


Low{rj — — l')dr]d^. 


Hence, by (jd.lOl) and (I4.18cp . we get 


Phl < e 


V~^lA^Q" 


IAlA^U^ 


^Il2 


which, after Lemma IC.61 is consistent with Proposition 12.11 for cq sufficiently small. 

Turn next to Plh- This term is treated as in the analogous term in NLP{1, 3, 0, 7 ^), using that 
extra loss of time from the second dy derivative replaces the gain in t from the presence of Uq as 
opposed to Uq. Indeed, by Lemma ITT] followed by (|4.18cp we have 


Plh < e 




2 {i2tY 



2 

2 ’ 


which, after Lemma IC.41 is consistent with Proposition 12.11 

Of the coefficient error terms, Pc 2 is more difficult. By (I2.58p . (12.571) . and Lemma l4.II we have, 


Pc2 < 


(t) 


{upy 


E 




\r] — kt\ 








Low{k, r] — ^,l — l')d^drj. 


Then, by ()4.18cp and Lemma [4. 101 we get 


Pc2 < 


{vpy 




+ 


(up) 


2a 




2 

2 ! 


which is consistent with Proposition 12.II using (I2.52bp . The treatment of Pci is analogous and hence 
omitted for the sake of brevity. 

The remainder terms are either very easy or similar to the ones we have already treated and are 
hence omitted. This completes the treatment of NLP{2,3,0,y); other NLP(i,j,0,y) with i y 1 
terms are treated similarly and are hence omitted as well. 


5.2.1.3 Treatment of NLP{i,j,y,y) terms 

These are pressure interactions now of the type (3DE). All of these terms can be treated in the 
same fashion, hence to fix ideas let us just focus on the case i = 1 and j = 3 for simplicity. This 
term is quartic, but as above, when we expand with the paraproduct we will group terms with the 
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coefficients in low frequency with the remainder. Hence, we write 

NLP{1,3, ^ f ((<9^ - tdx){{dzUl_y)Lo{dxUl,)m)) dV 

k 9 

+ / '^kk'{k-k')^Q^^Qk^ ((^Y - tdx){{dzUl_ki)Hi{dxUk')Lo)) dV 

k 9 

+ ^ / '^kk'{k-k')^o^‘^Qk^‘^ {{i'y)Hi{dY - tdx){{dzUl_ki)Lo{dxUli)Lo)) dV 
k 9 

+ ^ / {{9y - tdx){{'tpz)Hi{dY - tdx){Ul_y)Lo{dxUli)Lo)) dV 

k 


+ Pti,c 

= PlH + PhL + Pci + Pc2 + P-Jl^C-, 


where Piifi contains all of the remainders and the terms where coefficients appear in low frequency. 
By (I2.57P and (14.2p followed by (I4.10p and ()4.18cp . we have 


Plh < 


e{t) 


< 


j ^'^Qki''h^)^k{vJ)iv - kt)k'Ul{^,l') Low{k - k',r] - - l')dr]d( 

kt)A^Ql{r), 1) 


{W)/ \k'\^ + \lf + \i-k't\ 


.^lA^UUU'] 


Low{k — k' ,r] — — l')dr]d^ 


< ^ W 


Si 




which is consistent with Proposition 12.11 by the Lemma 1C.61 and the bootstrap hypotheses. By 
(I2.57p . (j4.2p . and (j4.14cp followed by (|4.18cp . we have 


Phl < J ^‘^Q'^kiv, l)AUr], l){r] - kt)l'U^k'{i, I') Low{k -k',r]-^,l- l')dr]d^ 

{t) [r] — kt)l' 


- {vP) 


E 


j(‘Q^k{v,n 


t 


< 


\kf + \V\^ + \i-k't\^ 

X Low{k — k',r] — ^,l — l')dr]d^ 

' . 


ALA^Uh'{C,l') 


dtw ^ |V|*/2' 


w {ty 


dtw ^ |V|"/^' 


AlA^U^^ 


w {ty 


\ 1+^1 


+ ~l^py^ ll^^‘3/||2 \\^lA^u^\\^ , 


which after Lemmas 1C.51 and 1C.61 is consistent with Proposition 12.11 for 5i and e sufficiently small. 

The two coefficient error terms are treated by analogously to the treatment used in T5.2.1.1I 
above. Hence we omit the details and conclude 


Pci + Pc2 < ' 


{vPy 


^ / ,i\2a 


{upy 


\A^Qlt + ^UC\^. 
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which is consistent with Proposition 12.11 for e sufficiently small. As discussed above, the remainder 
terms Pjz.c are much easier than the leading order terms, and these are hence omitted. This 
completes the treatment of A^LP(1,3, 7 ^, 7 ^). Other i,j combinations can be treated via a simple 
variant of this. 


5.2.2 Nonlinear stretching NLS 

5.2.2.1 Treatment of NLiS'l(j, 0, 7 ^) and NLS'l(j, 7 ^, 0) 

The NLSl{j,Q,^) terms can essentially be treated in the same manner as the NLP{j,2,0,^) 
nonlinear pressure terms in ^5.2.1.21 and 1)5.2.1.11 (though easier). We omit the details for brevity. 

Turn next to the AiLS'l(j, 7 ^, 0) terms. Notice that the j = 1 term disappears. The j = 3 term 
is then the most dangerous remaining term. As usual we expand the term with a paraproduct and 
only keep the coefficients to leading order when they appear in high frequency. Hence we have 

NL51(3, 7 ^, 0 ) = - y' {{Q%)Hi{dzUl)Lo) dV - J A^Q^A^ {{Q%)Lo{dzUl)Hi) dV 

- I A^Q^A^ {{Q%)Lo{^.)m{dYUl)Lo) dV + Sn,c 
= Shl + Slh + <S'c + S-jifi, 


where Sti^c contains the paraproduct remainders and the terms where the coefficients appear in 
low frequency. By (I2.58p and (14.2p followed by (14.101) and (I4.18cl) . we have 


Shl < 


A^QlivJ) 




A^Ql{U')m 


Low{rj — — l')dr]d^ 


< 




which is absorbed by the dissipation due to the non-zero frequencies for cq sufficiently small. For 
the Slh term we have by (I2.53jl . Lemma [4Tl and (j4.18cp 

Slh<j^Y1 / 




/ \A^QiivJ)Auli^,nm\Low{rj-C,l-l')dvd^ 


<-EL|U2^2|| |Ur72|| 

~ 11^ ^ Ibll^^olh’ 

which is consistent with Proposition 12.11 for e sufficiently small. For the coefficient error term Sc, 
by (I2.58p . (12.571) . and Lemma [TTl followed by (l4.18cD . 



?/ 


\\A^Q‘ 

- {vP)^ 

^ e(i) 

\\A^Q‘ 



1 




{i^py 
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Low{r] — — l')dr]d^ 
















































where the last line followed from Lemma 14.101 This is consistent with Proposition 12.11 for e suffi¬ 
ciently small by the bootstrap hypotheses. 

As usual, the remainders and coefficient error terms in Sti^c are signihcantly easier to treat 
and hence are omitted for brevity. This completes the treatment of NLS1{2>, 7 ^, 0); the other term, 
NLS\{2, 7 ^, 0 ) is easier and is treated the same way, hence we omit this for brevity. 


5.2.2.2 Treatment of A^LS'l(j, 7 ^, 7 ^) 

All of these terms are treated in essentially the same way; let us focus on j = 3 for brevity. As 
usual we expand the term with a paraproduct and only keep the coefficients to leading order when 
they appear in high frequency. Hence we have 


A^L51(3, 7 ^, 7 ^) = - y' {{Q%)m{dzUl)Lo) dV - j A^Q^A^ {{Q%)Lo{dzUl)Hi) dV 

- j A‘^Q^A^ {{Q%)Mz)Hi{{dY - tdx)Ul)Lo) dV + Sn,c 
= Shl + Slh + S'c -I- 


where contains the paraproduct remainders and the terms where the coefficients appear in 

low frequency. By (I2.57p . (14.21) . and (|4.18cl) we have 


Shl < 




Low{k — k' ,r] — ^,l — l')drjd^ 


< _; 

~ '-Xl-iSi 




|A2q 2|| |M3g3| 


which is consistent with Proposition 12.11 for e sufficiently small. Turn next to the Slh term. By 
(I2.5ip . (14.21) . (14.121) and ()4.18cl) we have 


Slh < 


ejtf 

{iLt^y 


E 


in 




Low{k — k' ,r] — — l')dr]d^ 


~ {ut^Y 


dtw |V 
w ^ {t) 


s/2' 




dtw |V 
w ^ {t) 


s/2' 


A^AlU^ 




which is consistent with Proposition l2.1l for e small by Lemmas 1C.61 and 1C.51 For the coefficient error 
term is treated in the same fashion as the corresponding error term associated with A^LS1(3, 7 ^, 0) 
in il5.2.2.1l above. Hence, the treatment is omitted. Similarly, the remainder and coefficient low 
frequency terms in Sti,c are also omitted. This completes the treatment of the iVLS'l(3, 7 ^, 7 ^) term; 
the other NLS{i,j,Y^,Y) terms are treated similarly. 


5.2.2.3 Treatment of NLS2{i, 

The non-zero contributions come from i = 2 and i = 3; these are essentially identical so we will treat 
just consider the i = 2 case. Moreover, we will be able to follow existing treatments; in particular, 
we can essentially apply the same treatment here as in the treatment of NLP{1, 2,0, 7 ^) in 1)5.2.1.11 
(which was omitted since it is easier than the leading order NLP{1, 3, 0, 7 ^)). 
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5.2.2.4 Treatment of NLS2{i,j,0,^) with j / 1 

As with NLS2{i, 1,0, 7 ^), we will be able to adapt existing treatments in a straightforward manner. 
Note that i 7 ^ 1 by the nonlinear structure. As all of the contributions are similar, so just consider 
the i = 3, j = 2 case (note the i = j = 2 term cancels with the NLP term). We expand with a 
paraproduct as usual; when is in high frequency, the treatment is analogous to the analogous 
NLP{2, 3,0, 7 ^) in ^5.2.1.2l and when C/q or the coefficients are in high frequency, we may adapt the 
methods in e.g. ^5.2.1.11 

5.2.2.5 Treatment of NLS2{i,j,y^,0) 

Note that both j 7 ^ 1 and z 7 ^ 1 by the nonlinear structure. It is straightforward to adapt the 
methods applied in e.g. ^5.2.2.41 to this case and hence the details are omitted for brevity. 

5.2.2.6 Treatment of NLS2{i,j,^,^) 

Each of these cases are the same up to small variations hence we focus on one representative example, 
NLS2{2,3,j^,^) and omit the rest. As usual, expanding with a paraproduct and keeping leaving 
all of the terms where the coefficients appear in low frequency in the remainder, we have 

NL52(2,3,0,7^) = -j {{dy - tOxW^Lodzidy - tOxW^m) dV 

- I A^Q^A^ {{dy - tdx){U^)mdz{dy - tdx){U^)Lo) dV 

+ Sci + Sc2 + Sci + S-jifi 
= SlH + ShL + Sci + Sc 2 + Sc3 + 

where we are omitting the full definitions of Set since they are analogous to previous cases in e.g. 
NLP and can be treated in similar manners. By (I2.57p . (14.2p . and (|4.18cl) . 

SLH<-^\\A'‘Q%U\A^^LUl\\^, 

which is consistent with Proposition 12.11 for e sufficiently small. A similar treatment for Shl^ 
combined with the additional inviscid damping on and (Id.lOjl . gives 

which is consistent with Proposition 12.II for e sufficiently small. As mentioned above, the coefficient 
error terms and the remainder terms are simpler and are omitted for the sake of brevity, hence 
this completes the treatment of A'L5(2, 3, 7 ^, 7 ^). The other NLS2{i,j,^,^) contributions follow 
similarly. 

5.2.3 Transport nonlinearity 

Next we treat the contribution of the transport nonlinearity to the evolution of non-zero frequencies. 
Begin with a paraproduct decomposition: 

= - y A^Q^A^ (Ulo • ^Qh) dV- j A^Q%A^ (Pm • VQL) dV - J A^Q^A^ (u • dE 

= Tt + Tr + Tn, 
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where ‘T’ and ‘R’ stand for ‘transport’ and ‘reaction’ respectively, keeping with the terminology 
used in |13j (the terminology ‘reaction’ traces back further to [62]). Decompose the transport and 
reaction terms into subcomponents depending on the X frequencies: 

'Tt = - j A^QlA^ {iU^)Lo • {VQl)m) dV - j AIq‘^A^ {{Uo)lo • ^{QDh) dV 

- j A^Q%A^ {{U^)lo • V(Q^)h*) dV 
= Tt-^o + Tt-o^ + 

and, 

Tij = - y A^Q^^A^ {{U^)m • (VQ^)lo) dV - J A^Q%A^ (p^)m • V(Q^)lo) dV 

- j A^Q%A^ {{U^)m • V(Q^)lo) dV 
= Tr-^O + Tr-o^ + Tr-^^. 


5.2.3.1 Transport by zero frequencies: Tt-q^ 

Turn first to Tt-o^, which is the transport by zero frequencies. Write 

Tt-o^ = - I A^Q^A^ {gLodY{Ql)m) dV - J A^Q^^A^ {{U^)LodziQl)m) dV 

— n'S _L 'T^ 

— ’T-,0^ “I" 

On the Fourier side. 


q-Q 

'T;0^ 


< 


EE/ \A^Ql{g,l)Al{^,l)g{r^ -^,1- l')LoCQi{C,nm\dgdC. 


k^O 1,1' 


Therefore by (14.21) . |^| < |C — kt\ + \kt\, and (I4.18cp . we have 


7?.o^ < ll 5 lbA, 3 / 2 + (||(5y - tdx)A^Q\ + t \\dxA‘^Q\) 


< 


{t) ll5llgA,3/2+ \/—ArA^Q"^ 


< 


\/—AlA^Q‘^ 


+ 


{ty 




where the last line followed from the low norm control on g, (|2.52dl) . The hrst factor is absorbed by 
the dissipation for cq small and the second factor integrates to something consistent with Proposition 
ED for e sufficiently small. To treat 7^g^, we have by (|4.2p and (|4.18cp . 


q-U 

'T-,0^ 


< 


Ir/SI 


gA.3/2+ 


A^Q^^^ X^lA^qI <e ,/^lA^qI 


where the last inequality followed from ^2.581) . This contribution is then absorbed by the dissipation 
for Co small. 
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5.2.3.2 Transport by non-zero frequencies, Tt-^^ and 7 t;^o 

Turn next to By ()2.24p . we can write this term more naturally with a V* 


Tt;^^ = - j A^QlAl 



The presence of the coefficients is irrelevant by Lemma 14.81 and Lemma 14.101 so let us ignore them. 
By (14.21) . ()4.18cl) . and (I2.57P we have 


< (||C/^||g.,3/2+ + ||t^|||gA,3/2+ + ||t^^|leV3/2+) \\A^Q\ || 
e 


< 


2 ^2||2 


{vt^) 


2a 


\A^Q 


+ e 


\/—KlA^Q^ 


which is consistent with Proposition 12.II for cq and e sufficiently small. The contribution from 7t-,^o 
is treated similarly and yields 


'7t;7^o ^ 


liPl 

{„tT 




^pA^Ql\\^<e\\VA^Ql\\l + 


e 

(z/t3)2« 


A^Q 


2||2 

Il2- 


This completes the treatment of the ‘transport’ contribution to the transport nonlinearity. 


5.2.3.3 Reaction term Tr-^^ 

Turn next to Tr; 07 ^ • By Lemma 14.11 and (j4.18c|) , 


TR;o,^<{\\Agh + \\AU^\\)\\A^QUl^^ 




where the last inequality followed from (I2.52cp and (I2.58p . This contribution is then absorbed by 
the dissipation for cq sufficiently small. 


5.2.3.4 Reaction term Tr-^lo 

Turn next to the non-zero mode reaction contributions, which are the source of several subtle and 
important difficulties. First consider Tr-^q, which must be further decomposed on the Fourier side; 
note we will have to keep more careful track of the low frequency factors here: 


Tr;^o < E / l')m ((1 + i’y)dYQl) nLo\dgdi 


+ Y^ / A^%7^,l)Al{rj,l)UUC,l')m{{i^.d^z)Ql){v-C,l-l')Lo 


dr]d^ 


k^O' 

+ E / \^^QiivJ)Al{v,l)i^y){CJ')m{uf^l){g-C,l-l')Lo\dr]dC 

k^O-^ 
k^O'' 

+ Tr-^OX 

= Tr-^0-2 + Tr-jLO-3 + TR;^0;C1 + TR;^0;C2 + Tr-^O-R. 


A^QliT,, l)Al{r^, /)(V^)(e, l')m{UidYQl) [g - U - 1 ')lo 


dr]d^ 
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Turn first to Tr;^, 0 ; 2 - By ()4.2p . (I4.18ap and ()4.8I) (also Lemma [4.101 and ()2.52ep l: 

Tr.,^0;2 < \\A^Ql\\^ \\A^Ul\\^ ||VQ§||g,,3/2+ 


< 




where the second to last line followed from Lemma IC.61 and the bootstrap hypotheses. This is then 
absorbed by the dissipation. Turn next to Tr;^,o; 3 - By (14.2p and (jd.lOp . 


Tr;^0;3 ^ 

kj^O 


X - 1 ')lo\ dr^d^ 

/ \A^Ql{v,l)^LA^Ul{U')m 

X dr^dC. 


Then, by (|4.18ap and (14.8p (also Lemma 14.101 and the bootstrap hypotheses) we have 


Tr-^lo-s < 


< 

rs_/ 


A^Q^^W \\A^AlU^\\^ 


^Qo||gA.5/2+ 


< 

rv_/ 


e 




+ e\\A^ARU^4l 


2 


After Lemma IC.61 this is consistent with Proposition 12.11 for cq sufficiently small. Of the two 
coefficient terms Tr;/,o;C'i a-iid Tr;^,o;C 2 ) the second is more difficult as is much larger than 
due to the inviscid damping on the latter. Hence, we focus only on the latter and omit the former 
for brevity; it yields similar results. From Lemma l4.II and (I4.18al) . we have 


TR;^0;C2 


< 


{ut^y 


■E 

fc^o- 


A^Ql{ri,l)- 


- (t) 




2 / t 

(ST) 


A-ipziC, l')HiLow{k, rj-^,1-1') 


drjd^ 


< 

rs_/ 




where the last line followed from Lemma 14.101 This is consistent with Proposition 12.11 by the 
bootstrap hypotheses. Finally the remainder term Tr-^o^ti is straightforward due to the presence 
of non-zero frequencies; we omit the treatment for brevity. This completes the treatment of Tr-^q- 
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5.2.3.5 Reaction term Tr-^^ 

Turn finally to Tr-^^, which are the most difficult. As in the treatment of Tr-^q above in ^5.2.3.4I 
we further decompose in terms of frequency and component: 




e{t) 


Si 


e{t) 


k,k' 
l+5i 


+ 




E ' 


kk'{k-k')^0 


k,k' 


I 'sp f 

+ -—- _1 2_^ / i-kk'(k-k')^Q 


{utr 


k,k’ 


+ 


+ 


e2 


El 


{vt'^Y 


El 


kk'{k-k')^0 


A‘^Ql{ri,l)Al{r],l)Ul,{C,l')Hi Low{k l')dr]d^ 

^^Ql{'ny)Al{r],l)Ul,{i,l’)Hi Low{k -k',ri-^,l- l’)dr}di 
A^Ql{r^,l)Al{7jy)Ul,{U')m\Low{k - k',v 

A^Ql{r], l)Al{rj, l)yy{i, l')Hi Low{k -k',r] -^,1 - l')dr]d^ 
1 )AUv, ^)yziC, l')Hi Low{k -k',r]-i,l- l')dr]di 


kk'{k-k')^Q 


k,k' 


+ Tr-^^-R 

= Tr.^^ + Tr.^^ + Tr.^^ + Tr.^^ + Tr.^^ + Tr-^^.ji. 


Note that here we have applied et ^ to reduce the power of time of the {U^)Hi {Yzidy — ^^x)Q'^) 

term. 

We may treat the leading order terms together. In the case of a power of t is lost from 

Lemma |4.II when exchanging A^ for A^ and in a power of t is lost from the low frequencies. 

For a power of t is lost exchanging for A^ in Lemma l4.ll (for t > |^,^^|)- Together then 

we have for any j G {1, 2, 3}, from (14.21) . (l4.1Up and (|4.18cl) . 




(z/f3) 




{k'Y + {i'Y + \i-k'ty\{W) 


Si 


A/\LUUu')Hi 


- {ut^) 


X Low{k — k',rj — — l')dr]d^ 

lI^ 




AArU! 


which by Lemma 1C.61 is consistent with Proposition 12.11 by the bootstrap hypotheses for e and di 
sufficiently small. The coefficient error terms are treated the same as in T^.2.3.41 hence we omit the 
treatments for brevity. The remainder terms Tr-^^ are similarly straightforward and are omitted 
for brevity as well. This completes the treatment of the transport nonlinearity for Q^. 


5.2.4 Dissipation error terms T> 

Recalling the dissipation error terms and the short-hand (I4.27p . we have 


Ve = k' 


■Y, [ {G{dY - tdxfQl + ‘^Mdy - tdx)dzQl) dV 


= 'D], + Vl. 
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The first is strictly harder than the latter, so we focus only on T>^] is treated in the same fashion 
and results in similar contributions. We expand via paraproduct 


V], = uY,l {Gmidy - tdxfiQDio) dV 

'X] / {GLoidy - tdxfiQDm) dV 


k^O' 
+ 1^' 


k^O- 

+ [ ^^Qk^k{{G{dy-tdxfQl)^ dV 

= d^E^HL + dd>E.LH + dd>E-,-Jl- 

Via (j4.9l) . (14.20 . and (I4.18cl) we have 


d^EiLH ~ ^ l|C'||gA.3/2+ \/ 


^ CqI^ 




which is absorbed by the dissipation for cq sufficiently small. The remainder terms are treated 
similarly (though with (I4.4jl . and ()4.18bp ) and yield the same contribution. 

Turn next to where the coefficient is in high frequency. For this term we may use a 

straightforward treatment: from (I2.57jl and Lemma l4.11 followed by (I4.18cjl and Lemma l4.ini 


' ' fc/O• 


A^QlivJ) 


iU') it) 


AG{C,l')Hi 


Low{rj — — l')dr]d^ 


< 

rs_/ 






2 / .\2+2<5i 

^ — \\Ac\\l 


which is consistent with Proposition 12.11 for e sufficiently small. 

6 High norm estimate on 

Computing the evolution of 

1 d 


2 dt 


\A^Q% < A 




w 


^_43(j3 

Wl 


3/o3 




-2 j A^Q^A^dYxU^dV + 2 j A^Q^A^d^xU'^dV 

+ u j A^Q^A^ j 


- J A^Q^A^ [Qddp^ + 2djWdj.U^ - ^ {djWgpY] dV 
= VQ^ - GKI + LS + LP + Ve + T + NLSl + NLS2 + NLP, 
where we are again using 

Ve = e j Ap^A^ ((At - Al)Q^^ dV. 


( 6 . 1 ) 
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As in (15.2p . let us here introduce the following enumerations: for i, j S { 1 , 2 ,3} and a,b £ {0, 7 ^}: 


NLP{i,j,a,b) = j 


dV 


( 6 . 2 a) 

NLSl{j,a,h) = - 

J A3q3 ^3 {Qidpi) dV 



( 6 . 2 b) 

NLS2{i,j,a,b) = - 

1 A3q3 A3 {dpidldjp) dV 


( 6 . 2 c) 

NLP{i,j,0) = j 

AplA^ (4 (^dppp)) 

dV 


( 6 . 2 d) 

NLSl{j,^) = - 

j AplA^ {qPP) dV 



( 6 . 2 e) 

NL52(z,j, 0) = - 

1 AplA^ [dpppp) dV 


( 6 . 2 f) 

F=- 

j AplA^ (dldp 


»• (cijc/') J dV 

( 6 . 2 g) 

To = - 

j App (t/o • VQ3) dV 



( 6 . 2 h) 

r^ = - 

j A^Qp^ (u ■ VQ3^ dV. 



( 6 . 2 i) 

Zero frequencies 





treatment of A^Q^ in 1)5.1) 

the estimate on Qq is very 

different from the estimate 

on and 


are hence naturally separated. 

6.1.1 Transport nonlinearity 

The treatment of the zero frequency transport nonlinearity in (16.11) , denoted To in (16.21) , goes through 
exactly the same as the corresponding treatment for Qq in (15.1.11 and hence, for the sake of brevity 
this term is omitted. 

6.1.2 Nonlinear pressnre and stretching 

For these terms {NLSl{j,0), NLS2{i, j,0), NLP{i, j,0) in (I6.2p lwe may use the same treatment 
here as we used in 1)5.1.21 without any significant changes. The treatment is omitted for the sake of 
brevity. 

6.1.3 Forcing from non-zero freqnencies 

Turn next to the treatment of J- (defined above in (I6.2p i. These are interactions of type (F), and 
consistent with 1)2.41 we will see that the effects on Qq are more extreme than those on Qq. Write 

T=-l dV 

= + F^. 

The most dangerous term is F^ due to the three Y derivatives for j = 2; we omit the other three 
terms for brevity as they are relatively easy variants. As in 1)5.1.31 the treatments all reduce to 


71 








applying the appropriate version of (I4.15p . Write 


= - y + dydlrd^z dV = F^’^ + ^i;3^ 

Let us focus only on F^’^, which is the leading order contribution. As in ^5.1.3[ we will expand with 
a quintic paraproduct but we group the terms with low frequency coefficients in with the remainder 
terms (due to Remark 14.4p . For F^’^ this means the decomposition 

= - E / A^QlAldydylh- (U^) J dV 

k^O'’ 

- E f A^QlAl(H,d,-dy^ (CS«.) ‘‘V 

-J2[ A^QlAl{idy)mdYdYdy {{Ulk)Lo {uI)lo) dV 
-Y, [ A^QlAldy {i^y)mdYdY {Ui)J) dV 

k^O'^ 

-Y [ A^QlAldydy {ii;y)mdY (C/|) J) dV 

+ d^-k,c 

= Fhl + Flh + Fci + Fc2 + Fc3 + Ftz^c, 


where here Ft^^q includes all of the remainders from the paraproduct and other terms where coeffi¬ 
cients appear in low frequency. From (I2.57p . (|4.15l) . and (I4.18cl) we have, 


Fhl < 


k^O l,U d 


X Low (—fc ,rj — drjd^ 


|3 / t 

.W) 


A ;2 + (/')2 + - kt \^ 


- (uF) 


+ 


dtw ^ |V|*/2 


A^Q^ 


w 


{ty 


dtw ^ |V|"/^' 


w 


{ty 


ALA^UhiCy') 


A^AlU^ 


{vFy 




which, after the application of Lemmas 1C.51 and 1C.61 is consistent with Proposition 12.11 

Turn next to F^H: which is the leading order effect of (F) isolated in 1)2.41 By (I2.57p . (14.151) . 
and (|4.18cp . 


Flh < 


{vFy 


EE 


k^O 1,1' 


A^Q^oivy) 


|3/ t 

W) 


*2 + (/')2 + - kt\ 


,AlA^U\{U') 


Low{—k, r] — ^y — l')dr]d^ 


<jl_ 

~ {vFy 


+ 


dtw 

I ; ,\ s 


3/o3 


w 


{ty 


A^Q 


dtw |V 

w ^ {ty 


s/2' 


A^AlU^ 


{vFy 
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After the application of Lemmas IC.5I and IC.61 is consistent with Proposition 12.11 Notice the ap¬ 
pearance of et^ which uses the hypothesis > e to control. 

The Fci terms associated with the coefficients in high frequency are treated the same as the 
corresponding terms in 1)5.1.31 and are hence omitted for brevity. The remainder terms are similarly 
straightforward or easy variants of the other treatments and are hence omitted as well. This 
completes the treatment of As mentioned above, the treatments of and F^ are 

similar (but weaker) and hence also omitted. 

6.1.4 Dissipation error terms 

The treatment of the dissipation error terms for Qg is the same as Qq as outlined in 1)5.1.41 and 
therefore is omitted for the sake of brevity. 


6.2 Non-zero frequencies 

6.2.1 Nonlinear pressure NLP 

6.2.1.1 Treatment of NLP(1, j, 0, 7 ^) 

This term is the analogue of the nonlinear terms treated in T5. 2.1. H and are of type (SI). Note that 
j 7 ^ 1. We can essentially use the same treatment, although here it is easier since Y derivatives are 
slightly harder than Z derivatives and because we are imposing one less power of time control on 
than on For this reason, we omit the treatment for brevity and simply conclude the result: 


iVLP(l,j,0,7^) <Co 
+ e 


dtw ^ 




w 


{ty 


w {t) J ^ 


A^NlUL 

2 ^ 

+ 11^^0112 II 2 + 11^^0112 Il^‘^ll 2 > 


eH 


which after Lemmas 1C.411C.51 and IC.61 is consistent with Proposition 12.11 for e and cq sufficiently 
small. 


6.2.1.2 Treatment of NLP{i,j,0,^) with i G {2,3} 

This is the analogue of the nonlinear terms treated in l)5.2.1.2l above. Note that again j 7 ^ 1. These 
can treated analogously to the treatment in ^5.2.1.21 but in fact it is much easier here due to the 
fact that is growing quadratically at frequencies with t > (Vy^z)- In particular we can deduce 
as above. 


NLPii,j,0,^)<e\\A^Ql 


/II 2 


e^{t) 


, 3^3 


e{t) 


+ Il^^^^ll2 ll^^olL 


which, after Lemmas 1C.41 and IC.61 is consistent with Proposition 12.11 
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6.2.1.3 Treatment of NLP{i,j,y^,^) 

These terms can all be treated with an easy variant of the treatment in 1)5.2.1.31 however as is 
growing quadratically at ‘low’ frequencies, it is significantly easier here. Accounting for the worst 
case (which is realized by {i,j) = ( 1 , 1 )) 


iVLP(z,j,/,^) 


e{t) 


l+5i 


(up) 


a-2 




7^112 




+ \\A^AlW^\\\ + 


it) 


2Si 


(up) 


a-2 


U3q3 


^112 


PC|| 


2 5 


which is consistent with Proposition 12.11 


6.2.2 Nonlinear stretching NLS 

Unlike the case of the NLP terms in ^6.2.11 controlling the NLS terms in the evolution of is in 
general slightly harder than for (treated above in ^5.2.2p since is larger than U'^. 

6.2.2.1 Treatment of NLSl{j,y^,0) and NLSl{j,0,^) 

Consider first the NLSl{j,0,^) terms. As in ^5.2.2.11 these terms are all easier variants of the 
NLP{j, 3,0,^) terms, and hence can be omitted for brevity. 

Consider next the iVLS'l(j, 71 ,0) terms. Notice that j 7 ^ 1 by the nonlinear structure. Both the 
remaining contributions are essentially the same so to fix ideas just consider j = 3. Expand the 
term with a paraproduct (as usual, grouping terms where the coefficients appear in low frequency 
with the remainder) 

NLS1{3, /, 0)) = - y {{Q^^)mdz{U^)Lo) dV - j {{Q%)Lodz{Ui)m) dV 

- j A3 q3 713 ((Q3 )^„(V;,)j^i(dyC/3)Lo) dV + Sn,C 
= Shl + Slh + <50 + Sti- 
By (321), (I238D . and (liTSa . 


SHL<e\\A^Q%\\l, 

which is absorbed by the dissipation due to the non-zero frequencies. By Lemma l4.ll ()2.57p . and 
(I4.18cp we have 


Shi < ||.43<3yU|.4C/’||, 

which is consistent with Proposition 12.11 by Lemma 1C.41 Similarly (using Lemma I4.10|) , 

So < Mdl, 

which is consistent with Proposition 12.11 for e sufficiently small. The remainder term is similarly 
straightforward and is hence omitted. 
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6 .2.2.2 Treatment of NLSl{j,^,^) 

These terms are interactions of type (3DE). All of these terms can be treated in a similar fashion; 
to fix ideas consider j = 1. Expand the term with a paraproduct 

NLS1{1, = {{Q^^)m{dxU^)Lo) dV - J A^Q%A^ {{Q^^)Lo{dxU^^)m) dV + Sn 

= Shl + Slh + Sti- 


By (1321), (IT57D . and (liTSHH . 


Shl < 


e{t) 


\A^Q%\\A^Q^ 


which is consistent with Proposition 12.11 For Slh, we use (I4.12p . (14.21) . (I2.53P and (|4.18cp . 


Slh < 


e 



A^Q^ 


2 




A^Q^ 





A^AlU^ 


2 


which is consistent with Proposition 12.11 after Lemmas 1C.51 and 1C.61 The remainder error term S-ji 
is straightforward and is hence omitted. 


6 .2.2.3 Treatment of A^LS'2(i, 1,0, 7 ^) 

Note that * 7 ^ 1 due to the zero X frequency. This term is again similar to A^LP(1, 3, 0, 7 ^) in 
treated in 115.2.1.11 hence the treatment is omitted for brevity and we just state the result; 


NL 52 (i,l, 0 , 7 ^) <co 


dtw |V 


s/2' 


w ^ {ty 




dtw ^ 


AlA^U^ 


w 


{ty 


. . 11.3,3 11^ ||. 3 ,,, 3 ||^ , ^ ||, 3 , 3 ||^ ||,, 3 ||^ , ^ ^ 


6 .2.2.4 Treatment of NLS2{i,j,0,y) for j G {2,3} 

Note that i y 1 due to the zero X frequency. By methods similar to those applied in ^6.2.1.21 and 
^5.2.1.21 we have 


NLS2{i,j,0,y) < \\A^Q%\\^ 


e W 

(zzt3)“-^ 


AU^ 


^ + e\\A^ALU^\\^ + 



6 .2.2.5 Treatment of NLS2{i,j,y,0) 

Note that necessarily both i 7 ^ 1 and j 7 ^ 1 due to the zero X frequency. Again by methods similar 
to those applied in ^6.2.1.21 and 115.2.1.21 


NLS2{i,j,y,0) 


< 


U3g3 


^112 


e{t) 


{uty 


a—1 


\AU^\ 


+ e 


A^AlU^^ 


+ 


2 
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6.2.2.6 Treatment of NLS2{i,j,^,^) 

These are treated in essentially the same manner as NLP(i,j, 7 ^, 7 ^) and are hence omitted for the 
sake of brevity. 


6.2.3 Transport nonlinearity T 


Begin with a paraproduct decomposition: 

(Ulo • dV- j A^Ql^A^ (Um • VQL) dV + Tn 

= Tt + Tr + Tn, 


where Tn includes the remainder (as above in 1)5.2.31 we use the terminology ‘transport’ and ‘re¬ 
action’ for the hrst two terms respectively). We will divide the reaction term Tr further below. 
The transport and remainder contributions, Tt and Tr respectively, are treated as in 1)5.2.31 and 
are hence omitted here. The resulting terms are given by 


Tt + Tn^^ 




2 / e \ 

2 


A^Q^ 


2 

2 • 


(6.3) 


Turn next to the reaction contribution. First, decompose the reaction term based on the X 
dependence of each factor: 


Tij = - y ^3 . (VQ3)lo) dV- I ^3q3 ^3 . V(Q3 dV 

- y 713 . V(Q^)lo) dV 

= Tr-^0 + Tr-ojL + Tr-^^. 


Each will be treated with a slightly different approach. 


6.2.3.1 Reaction term Tr-^jL 

Turn first to the easiest, Tr-a^. By (j2.53cp and Lemma ITTl we get (also recalling (j2.24p ): 
e{tf 


Tr-o^ ^ 


{upy 


k^O’ 


^ / A^Qk{r],l)Al{r],l)Uo{C,l')Hi Low{k,r] - - l')d^dr] 




/ A^Qk{r],l)AUo{^,l')Hi Low{k,r] - - l')dCdr] 


k^O' 


< 


(^||.43es||7iMj||, + ||.4i;s||7, 

After (j2.58p and the bootstrap hypotheses, this is consistent with Proposition 12.1) 


6.2.3.2 Reaction terms Tr-^q 

Next consider Tr-^q. In fact, since Qg is the same order of magnitude as Qg, this term can be 
treated in the same fashion as was done in ^5.2.3.41 Hence, we omit the details for brevity and 
simply conclude 
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where the last inequality followed by Lemma IC.61 and the bootstrap hypotheses. This term is then 
absorbed by the dissipation for cq small. 


6.2.3.3 Reaction term 

Turn next to This includes terms isolated in 1)2.41 as leading order contributions to the 

(3DE) nonlinear interactions (see ^2.1.4p . As in ^5.2.3.51 above, we further sub-divide: 






El 


k,k',k-k'^0 


k,k' 


I /'i 

I ; ,n\n / ^ I ^k,k',k—k'j^0 


k,k' 


+ 


{vt^Y 

e{tf 

^a-1 

,2 /+\l-l-h 


k,k' 


+ 


+ 


e^ty 


{ut^Y 

{i^t^Y 


k,k' 


k',k-k'j^0 


E l 


k,k’,k-k'^id 


A^Qkiv, ^)AUv, l')m Low{k l')drid^ 

A^Qkidy)Akivy)Uk'i^y')Hi Low{k -k',r]-^,l- l')dr]di 
A^Qlir^, l)AUr^, l)Ul,{C, nm\Low{k -k',rj-C,l- l')dr^d^ 
A^Qkidy)Ak{vy)'Yyi^y')Hi Low{k -k',ri-^,l- l')di]dC 
A^Qkid, l)Akiv, l’)m Low{k -k',rj-^,l- l’)dr]di 




k,k' 


+ Tr-^^-u 

= Tr.^^ + Tr.jLjL + Tr.^^ -h Tr^jL -h Tr.^^ + Tr-^^-R. 

The Tr-^^ term appears in the toy model in ^2.41 By (j4.2l) . (j4.13p . and (I4.18ap we have, 




+ 


w ^ {ty 


A^Q^ 


2 - 


et^ 


{ut^Y 


dtw |V|"/^' 


AlA^U^ 


+ 


WtT 
ee 


w ^ {ty 


AlA^U^ 


{vt^) 


a—1 


w ^ {ty 


AlA^U^ 


lArA^UYl 


e{t) 


2J 


By Lemmas IC.5I and IC.6I the above is consistent with Proposition 12.11 bv the bootstrap hypotheses. 
As predicted in ^2.41 note the appearance of et^ > which requires the hypothesis e ^ to 

control. This completes the treatment of the reaction term for the estimate m- 

Turn next to and By Lemma [4T] and (I4.18ap (and Lemma fd.lOp . we have 


^C1 


+ r; 


C2 


< 


{ty 


3/o3| 


i^t^) 


a—1 


A-^Q' 


PC|| 2 < 


e{ty 




{ut^Y 


{ut^) 


‘'*y ii-icii=, 


which is consistent with Proposition 12.II bv the bootstrap hypotheses. This completes the treatment 
of Tr-^^ and hence all of T- 
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6.2.4 Dissipation error terms Ve 


We will use a refinement of the treatment of the analogous term treated in 1)5.2.4I Recalling the 
dissipation error terms and the short-hand (j4.27p . we have 

T^e = E ^ f A^QIaI {G{dY — tdx)^Qk + — tdx)dzQl) dV 

= v], + vl. 

We will only treat 2?^; yields similar contributions and is hence omitted. Begin by expanding 
with a paraproduct 

= {Gm{dY-tdxf{Ql)Lo) dV + u^ f A^QlAl {G Udy - tdxfiQl) m) dV 

+ eY, [ A^QlAl{{G{dY -tdxfQD^^) dV 
= '^E-,HL + d^E^LH + dd>E-,'Jl- 

As in ^5.2.41 we can control the latter two terms by the dissipation; we omit the details. Next to 
turn to the treatment of As in ^5.2.41 from (I2.57P and Lemma l4.ll followed by (I4.18cp and 

Lemma 14.101 

4 


1 ue{t) 

^E;HL ^ ^^^3)0 


E 


A^Ql{r],l) 


1 


iW) it) 


AG{^,l')Hi 


Low{rj — — l')dr]d^ 




which is consistent with Proposition 12.11 for e sufficiently small. 


6.2.5 Linear stretching term LS3 

First separate into two parts (to be sub-divided further below), 

LS2, = -2 y A^Q^A^dxidy - tdx)U^dV -2 j A^Q^A^dx (V’y(9r - tdx)U^) dV 
= LS2P + LS3^. 

6.2.5.1 Treatment of LS3^ 

Expand with a paraproduct, 

LS3^ = -2 j A^Q^A^ {{%)Hi{dY - tdx)dx {U^)eo) dV 
- 21 A^Q^A^ {{^y)Lo{dY - tdx)dx {U^)Hi) dV 
-21 A^Q^A^ {{^l^y){dY-tdx)dxU^)T^dV 

= LS3el + 
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The main issue is LS3^j^, where the coefficients appear in ‘high frequency’, so turn to this term 
first. By Lemma l4.ll (I4.18cp . and Lemma 14.101 






~ {vtY" 


fc^O' 


A^QliriY)- 


1 


3^31 


U"Q 


it) 

(V)"^ 




Low{k, rj — ^,l ~ ^')dC 


- Jut^) 




which is consistent with Proposition 12.11 bv (I2.52bh . 

Turn next to the LSS^jj, which is reminiscent of A^LP(1, 3,0,/) in i)5.2.1.1[ Indeed, by (14.2p . 
p4.12p . and p4.18cp we have 


LSSYh < min(e (t) , cq) 

fc/o 

fdY^ IVI"/^ 

' ~w 


A^Ql{r,,l)Aliri,l) 


k\^ — kt\ 


^ Co 


w 




k^ + {I'Y + 1 ^ - ktY 

A^AlU^ 


^lUHU') 


Low{rj — ~ l^d^dx 


|vr/ 2 \ 

w {ty * 








(6.4) 


which, after the application of Lemmas 1C.51 and 1C.61 is consistent with Proposition 12.11 
The remainder LS3^ follows easily and is hence omitted. 


6.2.5.2 Leading order term, LS3^ 

Turn to the leading order term, LS3^. The 2 in the leading order term is crucially important and 
cannot be altered; it is the origin of the quadratic growth of at low (relative to time) frequencies. 
For this reason we have to treat this term with a little more precision than we usually treat the 
AJ . Begin by isolating the leading order contribution: 

L53° = -2 y A^Q^A^dxidy - tdx)Al^ - G(dy - tdxYU^ 

-2'ipzdz{dY - tdx)U^ - AtC{dY - tdx)U^) dV 

= L53°’° + L53°'^^ + L53°’^2 ^ lS3^'^Y (6.5) 


The idea is that the latter terms can be treated perturbatively since we have additional smallness 
from the coefficients. 

Turn to the leading order term in (16.5p . Begin with separating between short and long times 
(relative to the critical times): 


L53°5° 



A^QlivY) 


2 kill — kt) 

-rrur? 

k'^ +P + \r]-ktY 


- 2 ^y [lt< 2 |r;| + lt> 2 |r,|] 
^^30;0,ST ^ LS3°’^’^^, 


A^QlivY) 


2 k(r] — kt) 
- odri 

k‘^ + P + \r] - ktf 
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where ‘ST’ and ‘LT’ stand for ‘short-time’ and ‘long-time’ respectively. In the long-time term, 
divide further based on how time compares with the Y, Z derivatives: 


— -2'^ J lt>2\ri\ 0 

In the case of LS3^'’^'^'^’^, we have 


2 k{r] — kt) 
k? + P + \'q — kt\ 


jdr] 


^^ 30 ; 0 ,LT,Z<_^ y lt>2Mh<ir,,l)\A^Ql{ri,l) 


2 1 

dv ^ 


(i) 


3/2 




so that 


LS3^’^’LT’Z < — 

10 


2 K 




( 6 . 6 ) 


for some universal constant K > Q. The first term is absorbed by the CKx term and the latter is 


consistent with Proposition 12.II provided Kh^ ^ exp 




, for some universal constant C > 0 


(via integrating factors). 

In the case of LS3^'’^’^"^’^, we want to absorb to leading order by CKf^; indeed: 


LS3^;0,lt,y < 2^ / li>2|,|!*>(,,z) \a^Q^ 


1 


CKI - 2^2 / lt>2|r)|lz>{r7,Z> 


l + |t-|7 
2 ( 1 


-.dr] 




drj 


= CKi + LS3\ 


0;0,LT,Y 


The hrst term is then absorbed by the corresponding CK^ term in (16.ip . The remainder term i 


IS 


controlled via 


LSS 


0-,0,LT,Y 

'n 


- 2 E/^ 


t>2\r)\^t>{ri,l) 


A^QlivJ) 


drj 


t>2\r)\^t>{ri,l) 


A^QlivJ) 


2 ^l + (t-|7?|)^-t 

1 + it - \r]\f 

2 l + (t_|^|) 2 _i 2 


titYy^Yit — 


-.dr] 


1 -(- (t — 


< 


E/i 


t>2\ri\ M>{r),l) 


A^Qliv.l) 


2 (f?) + {t) iv) 


(tr 


dr] 


t>2\ri\ ^t>{r],l) 


< - 

~ '-\ 3/2 


(ty 


< 


dx 


W{t) 


3/2 




A^Ql 

2 


iv) 


1/2 


(t) 


3/2 


dr] 




2 it) 
2 


3/2 


K 






(6.7) 
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for a universal constant K > Q. As discussed above after (16.61) . this is consistent with Proposition 
o for small 5\ and large Ku'i- This completes the treatment of . 

Turn to the the short-time term, . By the frequency localization, (j4.11j) . and Cauchy- 

Schwarz 





2 

2 


This term is then absorbed by CK^ in (16.ip for sufficiently large k (notice that the implicit constant 
does not depend on k) This completes the leading order LS3^'’^. 

Now consider the hrst error term in (j6.5p . LS3^’^^. The second error term, LS3^’^^, is treated 
in the same fashion and yields similar results. Hence we omit its treatment and focus on LS3^'’^^. 
Expand LS3^''^^ with a paraproduct: 


LS3^-<ci A^Q^A^dxidy - tdx)Al^ {Gmidy - tdxful,) dV 

- 2 1 A^Q^A^dxidy - tdx)Al^ {GUdY - tdxful,) dV 

- 2 j A^Q^A^dx {By - tdx)Al^ ( 0 ( 0 ^ - tdxfU^)T^dV 

_ j r-qO;Cl I j c,qO;Cl , j c,qO;Cl 


Consider the HL term first and divide into resonant and non-resonant frequencies: 








1,1',k^O 

X Low{k, rj — — l')d^dri 

_ J r,qO;C'l;iJ , qoO\CI-,NR 

where = lteifc,„lteifc,el|z|<|r,| and = 1 - X^- 
By Lemma IB.21 we have 


k'^ + P + \r] — kt\^ 


X 


NR Id ~ 


< 


1 


k'^ + \t] — kt\‘^ + P t 


iv-O- 


( 6 . 8 ) 


Indeed, to see (j6.8p . note that either t 0 lk,ri or t 0 1^^^ (in which case, Lemma [El] applies) or 
t G (b but |/| > \ri\ > \kt\. Therefore, by (j6.8jl . Lemma l4Tl (j4.18cp . and Lemma [4.101 we 
have 


r ooO-,Cl-,NR ^ e {tY f 


X^^A^QYk,V,l) 


\r] — kt\ 


1 


k^ + P + \v-ktY (t) 


AG{U')Low{k,i^ - - l') 


d^drj 


- {utY 


a^qYUwagw 


2 > 


which is consistent with Proposition 12.11 bv (j2.52bp . In the resonant regime, we have by Lemma 
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14.11 Lemma [6.31 ()4.18cl) . and Lemma [4. 101 


jO;Cl;R / € {tY 


T cqu;ui;/x 

~ {ut^y 


~ {ut^Y 


X 


R 


A^QlivY)- 


1 


1 


w 


^^3q3 

w 


+ \v - kt\) {^,1') (t) 
AC 




Low{k, r] — — l')d^drj 


dtw ^ 


w 

2 /+\4 




coiut^r 


-2 


dtw |v|"/^' 
w + (t)^ 


AC 


which is time integrable by (|2.52bp . This completes LS3^^^. 
Turn to LS3^^^, which is written on the frequency side as 


~ min(eL cq) ^ 
k,l ■ 


A^Ql{r],l)Al{ri,l) 


\k\ \r] — kt\ 


fc2 + /2 + |^_fct|^ 




Low{rj — CY — l')dr]d^. 


We can treat this term roughly like A^LP(1,3,0,/) for Q'^ in 115.2.1.11 By (14.121) and (I4.18cp . 


- CO 


dtw ^ |V, 

w (t) 


s/2 


Q" 


+ Co 


+ e\\A^Q^^\\jALA^U^\\^. 



AlU^ 


2 

2 


By Lemmas 1C.51 and 1C.61 this consistent with Proposition 12.11 by the bootstrap hypotheses. 

The remainder LS3^^ is straightforward and is omitted for the sake of brevity. This completes 
the first error term in p6.5p . As mentioned above, in (16.51) is very similar, and is 

hence omitted for the sake of brevity. 

Turn to the third error term in (16.5p . LS'3*^’^^. The treatment is almost the same as LS3^''^^] 
we only briefly sketch the differences. As above, expand with a paraproduct: 


LssO-,C 3 A^Q^A^dxidy - tdx)Al^ {{AtC)Hi{dY - tdx){U^)Lo) dV 

- 2 j A^Q^A^dxidy - tdx)Al^ ((AjC)lo(^ - tdx){U^)m) dV 

- 2 1 A^Q^A^dxidy - tdx)Al^ {{AtCYdy - tdx){U^))^dV 

_ j c-qO;C3 I j c,qO;C3 , j c,qO;C3 


0‘C3 

Consider first the contribution when the coefficients are in high frequency, LS3^^ . We have 
(dividing into resonant and non-resonant frequencies as in the treatment of LS'3' 


0;C1n 
HL ) 


f [T + O a’q1(„,o 


X ^UvY) 


\t] — kt\ 


k'^ + Y + \ri — kt\‘ 


AtC{^,l')Hi Low{k,r] - - l')d^dr], 


where = liei^ el|/|<|» 7 | X^^ = 1 “ X^- the non-resonant contributions, we gain one 

less power of t relative to the treatment of but we also lose one less. In the resonant 
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contributions there is essentially an exact equivalence between frequency and time, and hence the 
extra derivative on C is the same as the extra power of time in and so the treatment is 

the same also for Moreover, it yields terms which are the same as those given by 

The treatment of the coefficients in At is handled with Lemma 14.91 combined with Lemma 14.101 
Hence, we omit the treatment for brevity. The treatments and resulting terms from and 

LS3^^ are essentially the same as for LS3^'’'^^, although easier since we are losing one less power 
of t here. We omit these contributions as well as they also yield similar contributions as LS3^''^^. 
This concludes the treatment of the linear stretching term LS3. 


6.2.6 Linear pressure term LP3 

As in LS3, first separate the coefficient corrections and expand them with a paraproduct: 
LP3 = 2 j A^Q^A^dzdxU^dV 

+ 2 j _ tdx) {dxU^)Hi) dV 

+ 2 1 A^Q^A^ {{i^z)HiidY - tdx)dx {U"^) J dV 

: J A^Q^A^ {{i;,){dY-tdx)dxU‘^)^dV 


+ 2 


= LP3'^ + LP3^h + LP^hl + LP^tz- 

As in the treatment of LS3, the latter three terms can be treated perturbatively. 

6.2.6.1 Treatment of LP3^ 

Begin with the leading order term, which is treated as follows, using the definition (IB.9p 


jC 


jC 


LP3° < — 

2k 

The first term is absorbed by the term in (16.ip and for the latter term we apply Lemma IC.71 

6.2.6.2 Treatment of LP3^ 

Turn first to in which the coefficient is in ‘high frequency’. Here we have by (I2.57p . followed 

by Lemma l4.11 (l4.18cD . and Lemma l4.ini we have. 


1 



2 

1 

+ TT 


V WL 

2k 

2 

y WL ^ 


LP39il < 




P-l 

k,l 


A^Ql{r],l)Al{r],l)'tjjy^,l)Hi Low{k,r] - ^,1- l')dT] 


< 

rs_/ 


\A^Q%\\AC\y, 


which is consistent with Proposition 12.11 for e sufficiently small by the bootstrap hypotheses. 
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Next turn to which by the bootstrap hypotheses and (j4.2p is controlled via 

k\^ — kt\ 


< min(e(t) ,co) ^ / A^Ql{ri,l) 

{t),Co)Yl [ 

|A:| 1^ - kt\ 


(k^ + l'^ + \^ - ktf^ 


A^{ALU^)i^{^,l')Hi Low{r]-^,l 


< 


mini 6 1 


X 


F+/'2 + ic - fetr j 


V'> 


A\ALU^)^{i, l')Hi Lowiri -^,1- l')drj. 


We may treat this in a manner similar to the canonical NLP{1, 3,0, j^) on in ^5.2.1.11 Indeed, 
by (14.121) and (|4.18cl) we have, 


^ Co 


dtw ,3 , |V, 
w (t) 


sl2 




+ Co 


+ e\\A^Q%\\^\\ALA% 





V|*/2 

~W 



AlU^ 


2 

2 


which by Lemmas 1C.51 and 1C.61 is consistent with Proposition 12.II bv the bootstrap hypotheses. The 
remainder term LP3^ is straightforward and is omitted for the sake of brevity; this completes the 
treatment of LP3. 


7 High norm estimates on Qq 

7.1 Improvement of fl2.51al) 

The proof of (I2.51al) (with constant ‘2’) proceeds slightly differently than several other estimates 
we are making. The goal is to obtain exactly 0(e (t)) growth for Qq, rather than any logarithmic 
losses in f or e (which would be fatal to the proof of Theorem [T|) . We will deduce an estimate like 


2dt II ^°ll2 - (t)2 11^ ^0||2+ 11^ Q 

\2 


0||2 


|^^Qo||2 P coe^X(t) 


- ll"^^^o||2 + ll"^^^o||2 + coe^7^(i), 


(7.1) 


where I{t) is integrable and 0{Kb) uniformly in e. This yields the desired bound by comparing 
X{t) = ||74^(5g(t)||2 to the super-solution of the inequality given by Y{t) = max (|iL/fio, 6\/2) e -|- 
coe^ I (t) dr. Indeed, for Khio sufficiently large. 


T(t) + ;^) Y{t)+coe^I{t), 

as the additional two terms on the RHS sum to something negative by the choice of Y (t) (recall 
t > 1). By Lemma l3.ll it follows that 2f(l) < T(l), and hence we have by comparison and (17.11) 
that X{t) < Y{t) for all t G [1,7*]- 


dtY{t) = coe^X(f) > ( 


t 


l')drj 
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By the above discussion, improving (I2.51ap reduces to proving an estimate like ()7.ip . From the 
evolution equation for Q^: 



- j A^QlA^QldV + u j A^QlA^ dV 

- I A^QlA^ (Uo • VQl) dV- j A^QlA^ [Q^dpl + 2dlUldl^Ul) dV 

- I A^QlA^ I A^QlA^ + 2dlU^^dljU^) ^dV 

= -VQl-CKl + LU + VE + To + NLSl{j,0) +NLS2{i,j,0)+J^ (7.2) 

where, as above, we write 

VE = iy j AplA^ ((At - A)Qi) dV. 

Notice that, due to the X average, the linear pressure and stretching terms both disappear. Hence 
the main growth of Qq is caused by the lift-up effect term, LU. By Cauchy-Schwarz: 

LU < {tp \\Apl\p\Apl\\^, 

which, together with (I2.51dp is responsible for the leading order linear term in p7.ip . Hence, it 
remains to see how to control the nonlinear terms. 

7.1.1 Transport nonlinearity 

This term corresponds to the transport of Qq by Uq involving only zero frequencies. The treatment 
of this term can be made in the same way as the corresponding treatment for in ^5.1.11 which 
yields 

To = - [ ApP {Uo • VQj) dV < e\pApl\\l + ^ \\Apl\\l + e || , 

J \t) 

which is consistent with (di). 

7.1.2 Nonlinear stretching NLS 

This term is the analogue of those treated in ^5.1.21 and corresponds to the nonlinear stretching 
effects on Qq involving only zero frequencies (the pressure disappears due to the X average), hence 
they are of type (2.5NS). Notice that these nonlinear terms are linear in Qq, which is an important 
“null” structure (and is expected from the form of the streaks (11.151) 1. It can be handled by a 
variation of the corresponding treatment for Q^ in 1)5.1.11 and 1)5.1.21 

Let us show the treatment of one set of representative terms and leave the others. Consider, for 
example, the NLSl term: 

iVL51(j,0,0) = J {ApD^^ (hi [Qpp))^pXdY + J {Ap^)^^ (h^ [Qpp))^pXdY 
= S^ + S^. 
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Observing that j ^ 1, turn first to the low-frequency term. First, 


< 




<1 


A’ 




<1 


< 


W'llQolL Qidpl 


For t < Coe by Sobolev embedding and a' > 5/2 (also Lemma H^TO]) , 


s^<{tp\\Ql 


0||2 


Qi 


VK 


0 


< 


which is consistent with ()7.1jl for times t < cqc ^ and cq sufficiently small. For times with t > cqc 
we use instead (along with Lemma l4.10p . 


-1 


VC/jJ 






0 


yul 






<Co-V||Vt/o^||^.,_i+e 


1||2 


0 

2 




Hcr'-l ’ 


which, since Cq ^e < v, integrates to be O(coe^) by the low frequency controls (I2.54jl and j / 1. The 
treatment of the high frequencies is slightly easier: by Lemma 14.91 and Lemma IC.41 


PPl) 


>1 


A 


S^< 

<||V^iQi||2 Api 




>1 


VA^Ur 


Irrll 


0 Il2 


< e \\VAPX + ^ . 

To see that the middle term is integrable, we use a trick similar that employed above on the low 
frequency term. For t < we have by (I2.54dl) . 

which is consistent with (17.ip for t < cqc”^. After this point, 

^^^2 lo ^0 II 2 ~ ^ Ik^o||2’ 

which integrates to O(coe^) by (I2.54el) . This completes the treatment of NLSl{j, 0). The NLS2{i, j, 0) 
terms follow similarly and are hence omitted for brevity. 


7.1.3 Forcing from non-zero frequencies 

In this section we consider interactions of type (F): the forcing of non-zero frequencies directly back 
onto Qq. From (|2.3ip and noting the X averages, we get 

J- = - 1 Ap^A^ (445^ {PP)o + {PP)o) dV 
- I Ap^A^ (444 {PP)o + 444 {PP)o) dV 

= + F'^ + 
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Since all of these contributions are roughly equivalent, we will focus on and Decompose 
with a paraproduct; as usual we group contributions where the coefficients appear in low frequency 
with the remainder: 


- E / A^QlAldydydz {Ul)J dV 

- ^ / A^QhAllh dydz ((7^) J dV 


k^O' 


j A^QlAl{'^y)HidYdYdz{[Uh)^^ [Ul)J dV 
Y [ A^QlAldY{{i^y)mdYdz{{Ul,)^^{ul)J)dV 


k^O- 


Y [ A^QlAldydY {ul)J)dV 


“ ^11,0 

= F'ht. + Ft,h + Fc^ + Fc2 + - fc 3 + 


Turn first to Fjj^. By Lemma ITTl (I4.15p and (j4.18cp we have 


d^HL ^ 


e(t) 




{vF) 

e{t) 


E 


1,1',k^O 

l+h 


A^Ql{r],l)Al{r],l) 


\vni\ 


~ {uFY 


dtw 


w 


+ {I'Y + |.e - ktY 

X Low{—k, rj — ~ i')dvd^ 


^LUl{U')m 


dtw |V, 

w ^ {t) 


s/2' 


A^AlU^ 


+ 


e{t) 


Si-l 


{vFY 


\\A^AlUI\ 

o " / ' 


which, after the application of Lemmas 1C.51 and IC.61 is consistent with (17.ip . 
Turn next to FIh. for which also by (|4.2p . ()4.15l) and ()4.18ap we have 


p2 < e{tY 


+ 


dtw |V 

~^lf) 


s/2' 


A^Q^ 


dtw |V 


s/2' 


A^AlU^^ 


{vFY 




(7.3) 


which, after the application of the Lemmas 1C.51 and IC.61 is consistent with (17.ip . 

The most difficult coefficient error term in (j7.3l) is F‘Y^, since two derivatives of the coefficients 
are being taken. By Lemma l4.11 (I4.18cp . and Lemma 14.101 




Y [ A^Ql{r],l)Al{r],l)\r]YYz{C,l') Low{k,r]-^,1-l')dr]dC 


1,1',k^O' 

?J||2 + 


<e\\VA^Ql\\l+^^^\\AC\\l, 


{uF) 
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which is consistent with (17.ip for cq and e sufficiently small by the bootstrap hypotheses. The other 
coefficient terms in (j7.3l) . and F ^2 easier and give similar contributions. Hence, these are 
omitted for the sake of brevity. The remainder term in (j7.3p . F^, is similarly straightforward and 
is omitted as well. This completes the treatment of The term F‘^ yields similar contributions 
with a similar treatment and is hence omitted. 

Turn to the other difficult term, F^. Decompose the corresponding term in (j7.2p with a para- 
product; as usual we group contributions where the coefficients appear in low frequency with the 
remainder: 


F'=-J2[ ‘i'QhAlOyih-ih- {Ul)J dV 

-E / A'QhAldYdYdY[(Ul,)^^(Ul)„;)dV 




E / A^QlAl{i>y)HA-dYdY((ul,)^(ul)Jdv 


k^O- 


Y, [ A^QlAldy {{^y)mdYdY ipDJ) dV 




[ A^Q^oAldydy {{^Py)mdY {{Uh)Lo Lo)) 

k^O-^ 


- F 


11,0 


— ^HL + ^LH + ^C1 + ^C2 + ^C3 + ^n,C- 

Turn to FhL hrst, which is the most difficult term. By (14.21) . (|4.15cl) and (|4.18cl) we have 


(7.4) 


'^HL ~ 


e{t) 




{vFY 


E 

1,1',k^O ' 


A^Ql{r],l)Al{r],l) 


\vf 


< ^ W 


2-1-<5i 


dtw ^ 


A :2 + (/')2 + 1 ^ _ ktY 

X Low{—k, r] — ~ i')dvd^ 

s/2 


^LUl{U')m 


A^Q^ 


w 


{ty 


dtw |V| 


A^AlU^ 


+ 


e{t) 


5i-l 


{vFY 


\\a^AluI\ 


which, after the anolication of Lemmas 1C.51 and 1C.61 is consistent with dm). The treatment of 
is similar, except instead of the extra {t)~^ coming from the ratio of A^ and as above, it 
comes from the inviscid damping of the low frequency factor. Hence, we omit the treatment for 
brevity. The coefficient error terms and the remainder terms are treated the same way they are 
treated above for F^ and hence are also omitted. This completes the treatment of F^. 

The last term to consider is F^, which is slightly different due to the large number of Z deriva¬ 
tives. As above, we will expand with a paraproduct but we will apply ()4.15ap to the leading order 
terms, which yields contributions of the form 


F? 


HL 


+ F] 


LH 




F^lA'Q'W (||.4‘Ai)7/||, + ||/CAi(7|||J 


which, after the application of Lemma 1C.61 is consistent with (17.ip . The remainder and coefficient 
errors are analogous to the treatments of previous F* above. We omit the details for brevity. 











































7.1.4 Dissipation error terms 

These can be treated in the same manner as the dissipation error terms on Qg were treated in ^5.1.4[ 
We omit the details for brevity. 


7.2 Low norm estimate on Qq, improvement to (]2.51bll 

This section is to deduce the improvement to ()2.51b|) . which is similar to ()2.51ap except at a lower 
regularity and offering a uniform bound past t > e~^. The proof is much easier than (j2.51a|) . due 
to the lower regularity. In what follows denote 


Consider from the evolution equation for Qq: 


2 dt 


llQol 


1||2 




< A 


IV 


s/2 


- / A- 


J A^QlA^QldV + i^ j A^QlA^ (AtQj) dv 

'QlA^ (l7o • VQj) dV- I A^QlA^ {Qldp^ + 2diUpp^) dV 


- / AplA^ (^c7^.VQ^)^dV- / AplA^ {Qpp^ + 2djpdp^ 


= -CKl + LU + V + To + NLS + F. 


dV 

(7.5) 


Relative to 1)7.11 the treatment of the lift-up effect is more precise for long times: using (|2.54l) . there 
is a 77 > 0 such that 


lu<\\qI\P\qP 


< 


+ llvgj 

Ke 


{uty 


2+{rf)‘ 


0||gA,7 

ZA , 




+ 


10 


|VQJ 




+ Ku 


-2 


\VApl\ 


which is consistent with Proposition 12.11 for cq sufficiently small and Kmi sufficiently large. The 
remaining nonlinear terms in (17.5h are very easy: the transport nonlinearity T can be treated 
essentially the same as in ^5.1.11 the dissipation error terms as in 1)5.1.41 the NLS terms as in 
T5.1.21 and finally the forcing terms F can be treated like remainder terms are treated in the high 
norm estimates due to the regularity gap between (|2.51bp and the high norm estimates (see a similar 
argument in ^9.21 below). We omit the details as they are repetitive (see ^9.21 below for a similar 
proof). 
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8 High norm estimate on 

Consider from the evolution equation for Q^: 



- j A^Q^^A^Q'^^dV -2 j A^Q^A^d^^xU^dV + 2 j A^Q^^A^dxxU^dV 

+ v j A^Q}^A^ (AtQ^) • ^<3^) dV 

- J A^Q^^A^ [Q^dp^ + 2djWdjp^ - dx {djWdp^)] dV 

= -VQ]^ - CKl^ - (1 + Si)CKl2 + LU + LSI + LPl 

+ Ve + T + NLSI + NLS2 + NLP, (8.1) 


where as usual 

^E = I App^ ((Ai - Ai)Q^) dV. 

The main growth is from LU and LSI together. The fact that both are acting at once is the reason 
for the {tp loss, seen at the ‘low’ frequencies in A^. We define enumerations of the nonlinear terms 
analogous to those in (15.2p and (16.2p . 


8.1 Linear stretching term LS”! 

One of the primary difficulties is the linear stretching term LSI. We use essentially the same 
treatment as in ^6.2.51 except with a small change in the use of CKj^^ and CKj^ 2 - First separate 
into two parts (to be sub-divided further), 

LSI = -‘^ j A^Q^A^dxidy - tdx)PdV -2 J A^Q^A^dx {Py){dY - tdx)) PdV 
= LS1° + LS1^. 


8.1.1 Treatment of LSI 


c 


The LSl*^ term can be treated in essentially the same manner as the corresponding LS3^ in ^6.2.5.11 
Hence, we omit the details for brevity and conclude 


LSl^ <^^\\App + 


, 5/3 


(up) 
+ Co 
-te 


dtw 

w + {ty 


{up) 

Ap^ 


pcii; 


dtw |v|*/ 2 ' 
w ^ {ty 


A^AlP 


P^Ap^ IPAlPW^. 


By Lemmas 1C.51 and 1C.61 this is consistent with Proposition 12.11 after applying the bootstrap hy¬ 
potheses and integrating in time. 
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8.1.2 Leading order term LSl^ 

This term is treated with a variant of the method used to treat LS3^ in ^6.2.5.21 however, we need 
to make a few minor changes due to the slightly different use of the CKn terms here. As in (|6.5|) 
of 1)6.2.5.21 we hrst expand by writing out in terms of 


L51° = -2 


A^Q^A^dxidy - tdx)Al^ [Q^ - G(dy - tdxfU^ 


-2'tp2dzidY - tdx)U^ - AtCidy - tdx)U^] dV 


Consider hrst the leading order term, LSl^’^. Most of the contributions on the frequency side 
are dealt with similarly to the analogous terms in ^6.2.5.21 We omit these treatments and reduce 
ourselves to the following for a universal constant K > 0 


L51°’° < 


-5a 


10 (t) 


3/2 






dtw 

w 




where (the terminology is from 1)6. 2.5. 21) . 


^ 5 l 0 ; 0 ,LT,y / lt>2\r,\lt>W) A^%rj,l) 


Write, 


/ 1,>2|,|1,>W) A'Ql 


= {l + Si)CKl., + (l-h)CKl, 


1 -\- \t — 


2 k{r] — kt) 
k‘^ + 1'^ + \r] — kt\ 


zdrj 


jdrj. 


EC 


t>2\ri\ ^t>{rj,l) 


A^Ql 


^ I l + 6i ^ 


t it) 

= (1 + <5i)CA:i2 + (1 - 6i)CKl^ + 


1 + (t — 


dr] 


The remainder term is written 


L5i: 


0;0,LT,y _ 

n — 


k^O'' 

/ ^i>2|»7|lt>{r7,0 


A^Ql 


2 / 2 


A^Ql 


* A+(t-ii)i)" 

2 / (1 — di)t 1 — 5i 


dr] 


{ty 


t 


dr]. 


The hrst term is treated as in (j6.7)l in 1)6.2.5.21 and the second term is controlled by hrst noting that 


(1 — (5i)t 1 — -5i \ 1 — (5i 


{tf t 

Therefore we get for a universal K > 0, 


{tyt 




l-6i 

{tff 




<5a 


10 (t) 


3/2 




<5-- (t)^ 


{tyt 
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which now time-integrates to a contri 

r 1 ■ 


3ution consistent with Proposition 12.11 under the bootstrap 


hypotheses for Khi^ S> exp 




for some universal constant C > 0 (via integrating factors; 


see (16.6p for another example). 

The error terms are treated in a manner similar to the analogous terms in LS3 in 

^6.2.5.21 and hence the details are omitted for brevity. This completes the treatment of the LSI 
term. 


8.2 Lift-up effect term LU 

Were we able to directly use and CKj^ 2 ^ this would be immediate, however, we need most of 

these terms to control LSI, as seen above in ^8.11 Instead we use (also using that 5x < 1), 


LU < 

< 5it 

< 5it 

H- 

45i6 




2 / o 2 ||2 
2 




2 1 

2 A5it 
2 

2 


1 " l 2^2 ||2 1 




2 »- 1 ^ 3/2 


A6it 






2 

2 


The first term is absorbed by the remaining piece of CKj^^ left over in (18.11) from the treatment of 

LSI. The others are consistent with Proposition 12.II via (j2.51dp if Khi^ is sufficiently large relative 

1 

to 4max((5^^, 2 s-i^ (note in particular the usefulness of CK^). This suffices to treat LU. 


8.3 Linear pressure term LPl 

The linear pressure term here is easier than LP3 treated in ^6.2.61 From Cauchy-Schwarz and 
Lemma IB.31 we get 


LPl < 





\k\^ 


k'^ + P + \r] — kt[ 


,A^ALUl{ri,l) 


drj 


< 


K 


-1 





w ^ 


+ {t)-^\\A^Q%\\A^/\LUl\\^ 

2 


Therefore for k and Khi^ sufficiently large and cq sufficiently small, this is consistent with Propo¬ 
sition 12.11 by the bootstrap hypotheses after applying Lemmas 1C.51 and 1C.61 


8.4 Nonlinear pressnre NLP 

This refers to the nonlinear pressure interactions of types (SI) and (3DE). None of the existing 
terms here are worse than those appearing in in ^5.2.1l or in 1)6.2.11 Moreover, on we are 
imposing less control (since A^ is signihcantly weaker than A?'^ at high frequencies due to the extra 
{t)~^ in the dehnition of ^4^) and the leading derivative is an X derivative, which is generally less 
dangerous than those associated with Y and Z. Therefore, the treatment of the NLP contributions 
here are an easy variant of the treatments in 1)5.2.11 and 1)6.2.11 Accordingly, the details are omitted 
for the sake of brevity. 
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8.5 Nonlinear stretching NLS 

These terms look more dangerous than the corresponding NLS terms in due to the persistent 
presence of however, this is balanced by the allowed linear growth of even at high frequencies. 


8.5.1 Treatment of NLSl 

Consider first the NLSl{j,^,0) terms. Note J / 1 due to the zero frequencies. The case j = 3 is 
worse than j = 2 due to the larger growth of hence let us just treat this case. Expand with a 
paraproduct and group any terms with coefficients in low frequencies in with the remainder 

NLS1{3,^,0) = -Y^ j A^QlAmQl)m{dzUl)Lo) dV [ A^QlAmQl)Lo{dzU^)m) dV 

-Y,j A^QIA^ {iQl)M)midYU^)Lo) dv + Sn,c 

kj^od 

= Shl + Slh + <50 + Sti^c, 


where Sti^c includes the remainders from the paraproduct and the low frequency coefficient terms. 
By (I2.58P and (14.2p . followed by ()4.10p and (I4.18cp . 


Shl < niax(e {t ), cq) ^ 


k^O' 


A^Qliv,i){ty 




l-5i 


A^QUC,l')Low{v-C,l-l') 


drjd^ 


< 


\A^QW\^ yd^A^Q^ 


which is consistent with Proposition 12.11 for cq sufficiently small. For Slh we use Lemma l4.ll and 
(12.5711 followed by (j4.18cp . 








A^QlivJ) 






AUq{^, l')Low{k, r] — ^,l — l') 


dr]d^ 


\A^Qy\J\AU^\ 


2 ’ 


which is consistent with Proposition 12.II for cq sufficiently small. By a similar argument, 

e^t) 


Sc< 


{ut^y 


\A^Q%\\AC\y. 


The remainder terms are similar to the above and are hence omitted for brevity. This completes 
the treatment of the NLSl{j, y,0) terms. 

Next consider the NLSl{j,0,y) terms. Here, let us focus on the case j = 1 (which does not 
cancel). Expand with a paraproduct and group any terms with coefficients in low frequencies in 
with the remainder 

NLSlil, 0,y) = -'£ [ {iQl)m{dxUl)Lo) dV {{Ql)Lo{dxUl)m) dV + Sn,c 

= Shl + Slh + S'fi,c- 
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From Lemma ITTl (j2.57l) . and (j4.18cp . 

Similarly from (j4.2p and (j2.58p . followed by (j4.12p and (j4.18cp . 


Slh < max(eLco)^ 


A^QUri,l) 


P + (^')^ + k? “ ^^1 




drjd^ 


^ Co 






w 


{ty 


dtw |V 
w ^ (f) 


s/2' 




+ e\\A^Q}^\\jA^ALA^U^\\^, 


which is consistent with Proposition 12.11 after applying Lemmas 1C.51 and 1C.61 The remainder and 
coefficient error term are treated as usual and are hence omitted for brevity. This completes the 
ALS'l(j, 0,/) terms. 

Finally consider the terms for interactions of type (3DE). All these terms are 

treated similarly, hence, consider just j = 3. Expand as above 


AL51(3,/,/) 



kk'{k-k')^oA^QIA^ {{QIi )Hi{dzUl_y)Lo) dV 


kk'{k-k’)^oA^Q\ A' {{Ql)Lo{dzUl_^,)m) dV 


kk'(k-k’)i^oA^Q\A^ {{Q\i)Lo{yz)Hi{{dY - tdx)Ul_f.,)Lo) dV 


+ Sti,c 

Shl + Slh + Sc + S'r.,c- 


For Shl, we have by (I2.57h and (14.2h . 




For Slh we have (12.511) and (14.2p . and p4.18cl) . 


Slh < 


< 

rs_/ 


ejty 

{ut^y 

^yv|y|A‘Ait//iy 


E J + ^^^ A,^A^ul((,l')mLau,(k - t'.,- i') 


drjd^ 


which is consistent with Proposition 12.11 for cq sufficiently small (we could have been more precise 
here but it was not necessary). This completes the NLSl terms. 


8.5.2 Treatment of NLS2 

Turn to the NLS2 terms. These terms are all treated via easy variants of the treatments of the 
NLSl and NLP terms. They are hence omitted for the sake of brevity. 
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8.6 Transport nonlinearity T 

This term is treated in the same manner as the corresponding terms in Q^, found in ^6.2.31 and in 
, found in ^5.2.31 The results are analogous as to those found therein and are hence omitted here 
for brevity. 

8.7 Dissipation error terms P 

These terms are treated in the same manner as the corresponding terms in Q^, found in 1)6.2.41 The 
results are analogous to those found therein and are hence here omitted for brevity. 


9 Coordinate system controls 

In this section we prove the necessary controls on C and the auxiliary unknown g. 


9.1 High norm estimate on g 

Begin by computing the evolution of Ag from (|2.26l) 


-4- \\M\l 

2dt" 


-CKl -CK3^-j \\Ag\\l + j AgA (Uo • V^) dV 
+ f AgA (^Atg) dV-j^. f AgA {U_k • ^^Ul) dV 
-Vg-CKl + T + VE + J^, 


where 


Ve 


AgA ((At - A)^) dV. 


9.1.1 Transport nonlinearity 

Here we are referring to the transport nonlinearity T. This term is treated in the same manner as 
1)5.1.11 and hence is omitted here for brevity. 

9.1.2 Dissipation error terms 

These terms are treated in the same manner as the corresponding terms in 1)5.1.41 despite the 
regularity of A being higher than Using the treatment therein we have 

Ve < cou \\VAg\\l + I. \\Ag\\, ||V^C ||2 \\VAg\\, < cou \\VAg\\l + ||V^C||2 . 

Note the last term integrates to O(coe^) by (|2.52ap . Notice also that the cancellation which elimi¬ 
nates the lower order term in At is crucial for this approach. 

9.1.3 Forcing from non-zero frequencies 

Similar to the cancellations derived in (j2.3ip . by the divergence free condition, 

[ AgA {d^y {Ul,Ul) + 4 ([/ 44 )) dV = FY + Fz- 
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Consider Fy- Expand with a paraproduct and group terms where the coefficients appear in low 
frequency with the remainder: 


Fy = - 


AgAdy {{Ul^)Lo{Ul)Hi) - E 7 / ^aAdy {{Ul^)Hi{Ul)Lo) dV 
E 1 J AgA {{'ljjy)Hidy {{U‘ik)Lo{Ul)Lo)) dV + Fy-^^c 


k^O 

= Fy-,LH + Fy-,HL + Fy-c + Fy-TI,C- 
Consider Fy-i^^ (I2.57P and (14.2p . 


Fy-LH 


< 


{uFY 


E 




E /1^5(7,01 


{t)\v\{v,l) 

P + (r)2 + 1^ - kt\^ 


l+5i 


A^AlUK^, l')Hi Low{-k, g -i,l - l')dgd^. 


By (I4.16al) and (I4.18cp we get 


Fy-LH 


< 


{uFY 


dtw |V|*/M , 

+ EE 1 Ag 


w 


{ty 


+ 


€{t) 


l+(5i 


{lyFY 




w 


{ty 


+ 


{i,Fy 


V^Ag \\A^AlU^\ 


which is consistent with Proposition 12.11 bv Lemmas 1C.61 and 1C.51 Turn next to Fy-^HL- Similar to 
Fy-LH, we get from p2.57p . p4.2l) . (I4.16ap . and (I4.18c|) we get 


Fy-HL 


< 


€{t) 


Si 


t {vFY 


EE/ 


l7l(7,0 


k^O 1,1' 


^ et2+<5i 


+ 


dtw |V|*/M , 

+ EE 1 Ag 


A:2 + {I'Y + 1^ - kt\ 
2 


w 


{ty 


+ 


g^2+5i 


A^AlUHC, l')m Low{-k, g-U- l')dV 

V|^/2' 


dtw 

w ^ {t) 


A^AlUY 


{uFy 


\/-^LAg IIEA^C/^II^, 


which is consistent with Proposition 12.11 The remainder terms Fy-h^C and coefficient error term 
Fy-^c are similar to many treatments we have already done, so are hence omitted for brevity. This 
completes the treatment of Fy. The treatment of Fz is similar (with (I4.16bp instead of p4.16ap L 
The treatment is hence omitted for the sake of brevity. This completes the treatment of the forcing 
terms on g, and of the entire high norm estimate on g. 

9.2 Low norm estimate on g 

Computing the evolution of ||s'||gA ,7 from (I2.26P (denoting E(t, V) = {'^V), 


E 

2 dt 


f^hWgx,^) <t^Kt) 


IV 


s/2 


gxn 


I A^gA^ (Uo-^g) dV 


j A^gA^ (^Atg^ dV - J A^gA^ {U^ ■ dV 


= -CKY^ + T + V + F. 


(9.1) 
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The treatment of the transport nonlinearity T and the dissipation terms in T> are is essentially the 
same as in 1)9.1.31 which in turn was essentially the same as in ^ 

It remains to treat F. As in ^9.1.31 the forcing terms can be re-written via the divergence free 
condition as 


F=-t^J A^gA^ (4 




By Cauchy-Schwarz, Lemma 14.81 Lemma 14.101 (I2.57p . and Lemma lC.il 

^ llsllgA,. (1 + ||C-||g..,+ 0 ||C/^||gV3/2+ + ||t^^||gV3/2+ 

Ic/i" ^ 


ll^^llg^.3/2+ ll^7^llgA.7+l + ||^7^||gA,7+l 11 ^7^ I IgA,3/2+) 


<t^ 


{vt^Y 


< ^^t^llol|gA.7 + 


{vFY 


g3^1+25i 

~Wf 


which is consistent with an improvement to (I2.52dp for cq sufficiently small. This completes the 
proof of p2.52dl) with constant ‘2’. 


9.3 Long time, high norm estimate on C‘. improvement to (I2.52ap 
Computing from the evolution equation on C, (I2.25h . we get 

,- 2 


l_d 

2 dt 


IVI"/^ AC 


dtw 


w 




+ v / ACA{KtC]dV 


\\AC\\i<X 

- J AC A (u ■ VC) dV + J ACAgdV - J ACAU^dV 
= -VC + Ve + T + j ACAgdV - j ACAU^dV, 


where 


Ve = 


J AC A ((Ai - A)C) 


dV. 


(9.2) 


9.3.1 Linear driving terms 

The main contributions in (j9.2p are the linear driving terms which originate from the lift-up effect. 
Divide the first into low and high frequencies: 

J ACAgdV = I {AC)^,{Ag)^,dV + J (AC)^, {Ag)^, dV 
= Lg^ + Lg^. 

The low frequency term is estimated using the decay estimate available on g in (j2.52dll : 

L9^<\\ChM2<^\\C\\l + ^. 
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For e sufficiently small, this is consistent with Proposition 12.11 At the high frequencies we use: 

Lg^ < ^\\VAC\\l + ^ [uWVAgWl) . 

The first term is absorbed by the dissipation whereas the latter term integrates to = 0 (cq) 

via the bootstrap control (I2.52cjl . Hence, for Khci 1; this is consistent with Proposition 12.11 
Turn to the next linear term, which is again divided into high and low frequencies 


- I ACAUidV = - j dV- I (AC)^, dV 

= LU^ + LU^. 


From (j2.54bp we get for some A' > 0, 

r(/^<l|C|I.IKII.<j^l|c||= + ^. 

For Khci sufficiently large, the first term is consistent with Proposition 12.11 The second term 
integrates to 0{Kcq), which is consistent with Proposition 12.11 provided Khci is sufficiently large. 
For high frequencies, we have the following by Lemma IC.41 


^ IIVACIll + ^ (FIIVI 


) < ^ IIVACII^ + ^ II ^ II VCo^ll^) 


for some K > 0 depending only on s, a and A. The first term is absorbed by the dissipation whereas 
the latter term integrates to an 0{Kcq) number via the bootstrap controls, so this is consistent 
with Proposition 12.11 for Khci sufficiently large. 


9.3.2 Transport nonlinearity 

We apply an argument similar to that used in 1)5.1.11 We omit the details for brevity and conclude 


T < e IIVACIll + e-‘ ||C|g.„ (A + ||V(7’||^) 

< . II VACIll + („ II vC/» 

IfY eu \ " 



Note by the bootstrap hypotheses, the last term integrates to 0{c^KhciKuz)^ which is consistent 
with Proposition 12.11 provided cq is sufficiently small. 


9.3.3 Dissipation error terms 

The dissipation error terms are treated with an easy variant of the treatment in ^9.1.21 We omit 
the details for brevity and state the result 

Ve<coi^\\VAC\\1, 

which is then absorbed by the dissipation by choosing cq sufficiently small. This completes the high 
norm improvement to (I2.52ap . 
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9.4 Shorter time, high norm estimate on C: improvement to fl2.52b|) 

The proof of (I2.52bp with constant ‘2’ is essentially the same as (I2.52ap with a few slight changes. 
From (I2.25p . 

I - ^ 


1 d 

2 dt 



|V|"/^ AC 

' - (t)"' 




2 

V w 


+ (t)-^ u j AC A i^AtCj dv - {t)-^ j AC A (u ■ VCj dV 
+ (t)-^ j ACAgdV - (t)-^ j ACAU^dV 
= -CK^ + {t)-^VC + Ve + T + {t)-^ I ACAgdV - (t)-^ J ACAU^dV, 


(9.3) 


where 


Ve = 


J AC A (^{At - A)cj dV. 


9.4.1 Linear driving terms 


The main difference between ()2.52bp and (j2.52ap is in the treatment of the linear driving terms, so 
let us focus there. Indeed consider first the linear term involving g: 


(t) 


-2 


/ 


ACAgdV < ^ PC||2 + 1 \\Ag\\l < ^^CK^ + \cKl 


The first is absorbed by the CK^ term in (j9.3p . The other term is integrable by (j2.52cp and 
consistent with Proposition 12.11 provided Khc 2 1- 

The logarithmic loss in (|2.52bp is due to the linear term involving Uq. Using Lemma I C. 41 we 
get, for some K > 0 depending on A and s (possibly different in each line), 

(t)-^ [ ACAUidV < IIAICII^ + ^ 


< 


10 (t)^ 
t 


2t 

K 




2||2 


10 ( 0 * ^ 


K 


2 + {t) 


|r/2||^ _i_ 

rolb + 


Ke^ 


(t) {ut) 


2a 




< 


t 


10 (t) 


PC'II^T 


2 , 41^,2 


(i) 


e" + 




2„2 

0 


{t) {ut) 


2a 


^ e 


-1 


to 


The first term is absorbed by CK^ in (|9.3p . The latter two terms are integrated until t 
deduce the bound ()2.52bh on that time-scale provided Khc 2 is sufficiently large and cq is chosen 
sufficiently small. For times t > we introduce dissipation to deduce instead for some K > 0, 


it) 


-2 


J 


ACAU^dV < 


t 


K 


^ ^ II f ira + ^ ||C6 „ 


Ke 


12||2 


K 


r2||2 


+ 


Ke^ 


(t) {vtf 




< 


t 


\\AC\\l + Ke\\V A^Ql\\{ + ■ 


4Ke^ 


+ 


KnciKe^q 


2^2 
0 


where the last line followed from the low frequency decay estimates (I2.54p . This is consistent with 
(j2.52bp provided K}jC 2 is sufficiently large and cq is sufficiently small. This completes the treatment 
of the linear driving terms in estimate (j2.52bp 
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9.4.2 Transport nonlinearity 


These are treated in essentially the same fashion as in ^9.3.21 which in turn is the same method as 
that employed in ^5.1.1[ We omit the details for brevity. 

9.4.3 Dissipation error terms 

These are treated with the same method that was used in ^9.3.3[ Hence, we omit the details for 
brevity. This completes the improvement to (I2.52bl) . 


10 Enhanced dissipation estimates 

In this section we prove the enhanced dissipation estimates (|2.53p with constant ‘2’ 

10.1 Enhanced dissipation of 

We begin with Q^. Computing the time evolution of we get 


2di 


< A 


I ^ 2 t i->{^Y,z) ^ 2 M WL 

-2 j A’^’^Q^A’^'^di^xU^dV+ 2 j A'''’^Q^A’^’^d%xU^dV 

+ V j dV 

- I H‘^;3g3^^;3 \^QjQp3 ^ 2d\u^d\p^ - ^ {d\u^d]W)] dV 


+ G’' 


= + G'^ + LS2, + LP3 + Ve + T + NLSl + NLS2 + NLP, 


^u;3 I 


( 10 . 1 ) 


where we write 


Ve = v j A-'-’^Q^A''’^ (a^Q^ - dV, 

and 

G" = a I A-'-’^Q^ min ^1, (y)^ {D{t, dy))“-' dy)g^dH. 

First, we need to cancel the growing term in (llO.ip using part of the dissipation term P. This 
is done in the same manner as in [12]; indeed: 


G’^-iz 


-'EE/l o^^Ai>2|T?| ~ \k — \ lf — \ri ~ j |d‘"’^g|(T/,/)| dr] 

k^o i A 

2 


< — 




Next we see how to control the remaining linear and nonlinear contributions. 
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10.1.1 Linear stretching term LS3 

First separate into two parts (to be sub-divided further), 

LS3 = -2^ A^’^Q^A’^'^dxidY - tdx)U^dV -2 j A'^’^Q^A''’^ {^ydxidy - tdx)U^) dV 
= LS3^ + LS3^. 

Turn first to LS3^: applying (lA.ip . (I4.32p . Lemma [C21 and Lemma [4. 101 (with 7 > /3 + 3a -|- 4), 

LS3^ < \\C\\g^,p+,^+4A''-^^dxU\ 


< 


< 


2 {t) 




( 10 . 2 ) 


The hrst term is absorbed by the leading order dissipation in (110.11) for cq small whereas the second 
is consistent with Proposition 12.11 provided e is sufficiently small. 

For LS3^, we can proceed similar to the high norm estimate in ^6.2.5.21 Begin as in (16.51) by 


expanding : 

L53° = -2y A’^’^Q^A^’^dxidY - tdx)Al^ [Q^ _ ddy - tdxfU^ - 2ip,dz{dY - tdx)U^ 
-AtCidy -tdx)U^] dV 


= L53°’° + L53°’^^ + L53°’^2 + LS3^'^^. 

The leading order term in (jl0.3p is divided into two contributions 

L53°’° = -2^y [h<2\r,\ + h>2\y\] A'^’^QI 

= L53°’°’^^ + LS3°’°’^^. 


(10.3) 


k{T] — kt) 


k'^ + P + \ri — kt\ 


rdr] 


In the short-time regime we may simply apply (|4.8ap and use that /3 -|- 3a -|- 2 < cr to obtain, 

iS30fl,ST< 1 ||^,q,||2 _ 

\^/ 

which is consistent with Proposition 12.II for Keds sufficiently large relative to Kh 3 - The long-time 
regime is treated in the same manner as LS 3 ^'’^AT jg treated in 1)6.2.5.21 hence we omit the treatment 
and simply state the result: 


^^30;0,LT < ^ 


-5a 


10 (t) 


3/2 




+ 


K 


A 




where iL is a fixed constant. As discussed after (16.6p . this is consistent with Proposition 12.11 for 
small 5\ and large Ked 3 - 

Turn to the first error term in (jl0.3p , which by (j4.8ap and /3 -|- 3a -|- 6 < 7 is controlled via 
L530^^1 < ^ ||A"^3g3||^ ||G||g..,_i \\ALU^4g,^^ + {G{dy - tdxfU^M 


< WA'^'^QlW^ \\A^AlU^\\^ + ^ II A"-3g3||^ ||^.;3 _ tdxfu^) . 

\t) \V 
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To control the latter term we use (|4.32p and Lemma 14.101 


(i) 


II {Gidy - tdxfu^) II 


< 

2 ^ 


1 

V) 


\A‘^'’^Q%\\C\\gy, 


\A''’^{dY -tdxfU^l 


< 


e 




A'^’^dy-tdxfU^W^ 


where we have used that A'^’^ includes a projection to non-zero frequencies to add the dissipation. 
After applying Lemma 1C.31 this is consistent with Proposition 12.11 for cq chosen sufficiently small 
(absorbing the leading order contributions via the dissipation). This completes The other 

error terms, and are treated similarly and yield similar contributions; hence these 

are omitted for the sake of brevity. This completes the treatment of LS3^. 


10.1.2 Linear pressure term LP3 

Begin by separating out the contribution of the coefficients, 


J A‘''^Q^A’^’^dxdzU^dV + 2 J A^'^Q^A^'^ {i^.idy - tdx)dxU^) dV 


LP3 = 2 

= LP3° -h LP3^. 


By Cauchy-Schwarz and (IB.9h . 


LP3° < — 
2k 





AlA’'’^U^ 


2 

2 


Therefore, by Lemma 1C.31 this is consistent with Proposition 12.11 for cq sufficiently small and 
KeD2, ^ KeD2- 

The coefficient error term, LP3^, can be treated in the same manner as LS3^ above in (110.21) 
and yields similar contributions. Hence we omit the treatment for brevity. This completes the 
treatment of the linear pressure term LP3. 


10.1.3 Nonlinear pressure and stretching 

Before beginning, note that due to the regularity gap 13 + 3a + 12 < '^ and (j4.32p . the presence of 
the coefficients from the coordinate transform does not have an important impact. Moreover, by 
Lemma 1C.21 there is not a significant difference between dy — tdx and dz derivatives when making 
most relevant estimates. Hence, for simplicity we will treat all NLS and NLP terms as if there 
were no variable coefficients. 

As above, we will enumerate the terms as follows for i,j S { 1 , 2 ,3} and a,b £ {0, 7 ^} 


NLPiiJ,a,b) = J A^-^^Q^A''-'^dWjKd\ui)dV (10.4a) 

= (10.4b) 

NLS2{i,j,a,b) = j A‘'’^Q^A‘'’^{djuidjdpi)dV. (10.4c) 

We will use repeatedly the inequalities 

^ 14(3 < ( 10 . 5 a) 

A^’^ < (10.5b) 
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10.1.3.1 Treatment of NLP{i,j,0,^) terms 
By 

NLP{i,j,0,j^) < ||A"'3g3|y|^.;3 {dz) . 

We see that the loss of t if i = 1 on the third factor is balanced by no loss of t on the second (indeed, 
see Lemma IC.21) . If i 7 ^ 1 then there is no loss of t on the last factor but a loss of t on the second. 
Moreover, we see that due to the zero X mode on W, j ^ 1. Regardless, after Lemma IC.21 we get 


NLP{i,j,^,Q)<e\p-^pp(^ 


+\pp^\\ 


< 






+ 




which is subsequently absorbed by the dissipation for cq small. This completes the treatment of 
NLP{i,j,^,0). 

10.1.3.2 Treatment of AILS'l(j, 0,/) terms 

Next turn to the treatment of the NLSl{i,j,0,j^) terms, which by (14.321) followed by (jC.lh . 


NLSl{j,0,^)<\P’P^ 


Qi 


g\,p+3a+4 II ^ 112 ~ U\ II ^ 112 Ml ^ 112 II ^ W) 


which is then absorbed by the dissipation for cq sufficiently small due to the projection to non-zero 
frequencies. 


10.1.3.3 Treatment of A^LS'l(j, 7 ^, 0) terms 

Next turn to the treatment of the A^L51(j, 7 ^, 0) terms, which by (14.321) followed by (IC.ip (noting 
that j 7 ^ 1 ), 


iVL51(j,7^,0) < ||A"’3g3|y|^.;igi 


t/r 


0 ||gA,/3+3c.+4 


< 






2 ’ 


which is subsequently absorbed by the dissipation for cq sufficiently small due to the projection to 
non-zero frequencies. 


10.1.3.4 Treatment of NLS2{i,j,^,0) terms 

Next turn to the treatment of the NLS2{i,j,^,0) terms. Notice that in this case, neither i nor j 
can be one. Similar to ^10.1.3.21 we get by (I4.32h and (I2.58h . 


iVL52(f,j,7^,0) < \P’P% 


which is then absorbed by the dissipation for cq small by the restriction to non-zero frequencies. 


10.1.3.5 Treatment of NLS2{i,j,0,^) terms 

Next turn to the treatment of the A^LS'l(z, j, 7 ^, 0) terms. Notice that i cannot be one but j can. 
Further notice that if j = 1 then we can gain a power of t on using Lemma IC.21 It follows that 

NLS2{i,j,0,J^) < e||^"-V ||2 {\\APU^ + ||^"’V|| 2 ) • 
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10.1.3.6 Treatment of NLP{i,j,^,^) 

Notice that we will lose a power of t from if j or i is one, but in this case we would lose one less 
power of t in Lemma fC.21 due to the lack of Z or T derivatives. Hence regardless of the combination 
of i and j, we will gain at least one power of t. Therefore, from (|4.33l) . 


\\A''’^Q\ [WA'^’^d^zdtum^ \\A''’^U% + \\A''’^d^zdp\) 


- {lyP) 

< ^ II/I'^’^n^ll 
~ 11^ ^ Il2’ 


which is consistent with Proposition 12.11 for e sufficiently small. 


10.1.3.7 Treatment of NLSl{j,^,^) 

These terms are all treated in essentially the same manner. Prom ()4.33p and (jC.ip (again using 
that a loss from j = 1 is balanced by a gain on the second factor), 

(fp 

~ w (ll■4‘'^“'3i2 + Ib’elb). 

which is consistent with Proposition 12.11 for e sufficiently small. 


10.1.3.8 Treatment of NLS2{i, 

The treatment of NLS2 is essentially the same as NLP: using again that the loss is at most 
regardless of i and j, we get from (I4.33P and Lemma IC.21 


NLS2{i,j,^,j^) 


{uPY 

(t) 


~ {upy 


A'^’PW 

IP’^dlW 




II2 


which is consistent with Proposition 12.11 for e sufficiently small. 


10.1.4 Transport nonlinearity 

Divide the transport nonlinearity via: 


r = - A’^’p^Af (uo • VyzQ^) dV- J A’^’p^Af (u._^ 


UP 


- J A^’p^Af 

= Tojl + T^o + 

Consider first 7o^. By p4.32p and \ri\ < |r/ — kt\ + \kt\ < (t) {\r] — kt\ + |fc|), 

\g\,l3+3a+2 {t) ^Z — AlA'^’^Q^ ^ + ||Dq ||gA,/3+3t:.+2 \/ — AlA^’^Q^ 


dV 


To^ < 


< 




104 









































where the last line followed by (I2.58P and ()2.52dp (and 7 > /3 + 3a + 2). This is subsequently 
absorbed by the dissipation for cq sufficiently small. 

Turn next to By (I4.32P and Lemma IC.21 we have 

r^o < e + \\A‘''^U\) 

< + \\AQU) 

which is hence consistent with Proposition 12.11 
Turn next to 7^, which is written 




dxQl 


= I A''-^^Q%A''-^^ I I (1 + ^|Jy)U^^ + j • - tdx)Q% I I dV. 




By Cauchy-Schwarz, (I4.32p . Lemma 14.101 and (I4.33p . we get 

(t )2 


< \\A’^’^Q^\ 


'2 (z.t3) 

Applying Lemma 1C.21 and (j2.53p with (j2.5ip gives 




< ||A"’3g3| 




\A^’^Q\ + {t)\\A^Q^^\\ 


+ ||A^;2g2||2 + 


< 


< 


{utT 

ejtf 

i^tT 






+ e 




2 

; 

2 


2 


which is consistent with Proposition 12.11 for e and cq sufficiently small using v > cCq 


1 


10.1.5 Dissipation error terms 

The dissipation error terms are treated easily as in m using (|4.32l) together with the regularity 
gap between A^’^ and the coefficient control in ()2.52ep . We hence omit the treatment for brevity 
and simply state the result: 


T^e < cqe 




10.2 Enhanced dissipation of 

The enhanced dissipation of is deduced in a manner very similar to however, since we are 
imposing more control on Q^, some nonlinear interactions must be handled with more precision. 
On the other hand, the evolution of lacks the troublesome linear terms that are present in 
and . 
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2 


Computing the time evolution of we get 


lA |U^’2q2||2 ^ < 
^dtW^ y|l2<A 




t 


'-t>{Vy 




2 


2 

V WL 


+ G'^ 


+ u j j {^ • '^<3^) dV 

- j 24^’2g2^:.;2 [(giai[/2) + 2dlWdj^u"^ - di- {djwdp^)] dV 
= -PQ^’2 _ §^cKp + Ve+T + NLSl + NLS2 + NLP, (10.6) 


where as in ^10.11 we write 


and 


= a 


VE = y j (^A^g2 _ ^^g2^ ^V, 

I A"’2g2 i^Y,z) ^A(t)|vr ^V)/' {D{t, d,T-^ J^^^dtDit, d,)QldV. 


As in ^10. 1[ we have 


— u 




2 V 

+ < — 
2 - 8 




10.2.1 Nonlinear pressnre and stretching 

In this section we treat NLSl, NLS2 and NLP. As in 1)10.1.31 for simplicity we will treat all NLS 
and NLP terms as if there were no variable coefficients. As above, we will enumerate the terms as 


follows for i,j £ {1, 2,3} and a, 6 € {0, 7^} 


NLP{i,j,a,b) = 1 A’^p^A'^’^p{dpidjui)dV 

(10.7a) 

NLSl{j, a,b) = - j AYp^A''-’^ {Qidpi) dV 

(10.7b) 

NLS2{i,j,a,b) = -2 J A'^’p'^ A''’\dpidjdpi)dV. 

(10.7c) 

We will use repeatedly the inequalities 

j^u-,2 ^ ^2-(5i^i/;3 

(10.8a) 

(10.8b) 


10.2.1.1 Treatment of NLP{i,j,0,^) terms 

All of these terms can be treated with a variant of the same general argument. Via integration by 
parts, the projection to non-zero frequencies and (j4.32jl we get, 


NLP{i,j,d,^)< 


a^’2 (d\up]ui 


< 


V-^lA 


i/;2 


U^’2o*C/^|L \\Ui 


0||gA./3+3a+5 
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With ()C.2p in mind, the power of t lost from the derivatives and Uq together is at most one and 
the powers of t lost from the possibility that j = 3 is at most an additional two, so at worst we get 
from (14.3211 ■ (IC.2jl . and (I2.58I1 . 

NLP{i,j, 0 ,^) < e J , 

which is then absorbed by the dissipation (note that j 7^ 1 by the skew structure of the nonlinearity). 

10.2.1.2 Treatment of NLSl{j,0,^) terms 

These terms are straightforward by (j4.32l) . (j2.51l) . and (|C.1I) : we omit the details and conclude 

NLSlij, 0 ,j^)<e\\A’^’^Q\ ^ ||^2g^|| J ^ 

which is absorbed by the dissipation for cq sufficiently small. 

10.2.1.3 Treatment of A^LiS'l(j, 74 ,0) terms 

Note that j ^ 1- Hence, the worst possibility is j = 3, where 2 —61 powers of time are lost. However, 
these may be recovered by (I4.8bp . Indeed, from (14.321) . (12.581) . and (I4.8bp . 

iVL51(j,/,0)<e( ^ ), 

\ 2 2'n 2 2' 

which is subsequently absorbed by the dissipation. 

10.2.1.4 Treatment of NLS2{i,j,0,^) terms 

These are treated similar to the analogous A^LSl terms in HO. 2. 1.21 yielding the following 
NLS2{i,j, 0, 7^) < e , 

which is absorbed by the dissipation. 

10.2.1.5 Treatment of NLS2{i,j,^,0) terms 
Notice that in this case, j 7^ 1. First, by (|4.32l) . 


NLS2{i,j,^,0) < 


t/r 


0 \\g\,p+ia+7 


Note then that we lose at most 2 — 5i powers of time from A^ if j = 3, however these are recovered 
by Lemma IC.21 

NLS2{i,j,^,0) =e\\A''’^Q\ (||, 
which is absorbed by the dissipation for cq sufficiently small. 
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10.2.1.6 Treatment of NLP{i,j,^,^) 

Turn next to the nonlinear pressure interactions of two non-zero frequencies. By integration by 
parts and (j4.33p . we have 


NLPii,j,^,^)< 



2 


< 

r\j 


(«)* 1 


A’'’'^dpi 
^ 2 



^V) 2-/3 

4 



Each combination of i and j can be treated in a rather similar manner, each time using ()4.32l) and 
Lemma IC.2I (either (IC.ip or ()C.2p depending on the case). The case turns out to 

be the hardest, and it is this case which precipitates the loss of in (and hence ultimately 
the slightly slower than the rate of inviscid damping predicted by the linear theory in ()1.22b(i ). 

Hence, let us simply focus on this case and omit the others for brevity. In this case, using the extra 
<5i 

in the definition of in (I2.48p and (|C.2p (actually we do not need to use the full 
product rule in this case, but it is necessary for the i = j = 3 case so let us demonstrate it here): 



/ \ 4 

NLP{1,3,^,^) < WA'^’^dxU^ 


< 


< 


< 


2 (l^P) 

+111411 2 11 (V) 11J 

((1 + et^) WA’^’^dxU^ 


7^\\2 




2 (vP) 

pWA’^’^d^zU^W^WA’^’^U^lQ 


i=\\2 


2{utr-^ +11^^0112) 

+ + IIJ (|4"’V||2 + ll^'Q^lls)) 


which is then absorbed by the dissipation. The other terms can be treated with a simple variation 
or easier arguments (none of the others require the extra power of in (12.481) but the i = j = 3 
term depends more crucially on the product rule being employed above). 


10.2.1.7 Treatment of NLSl{j,^,^) 

By (I4.33P and (1C.II) . 

/+\'5i 

14""<312 lb"' ajcjll, 

~ jMf 14''“'3'ii2 +ib'eyQ 

which is consistent with Proposition I2.II 
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10.2.1.8 Treatment of NLS2{i,j,^,^) 

For these terms we again apply (|4.33p to deduce 




it) 


Si 




WA’^’^dhui 




'2 {vt^y 

The most problematic term is j = 3, z = 2; in this case we apply ()C.2p and pC.lh . 

NLS2i2,3,y,y) < + ||v^^'Q/|| J ; 


the other cases can be treated similarly and are hence omitted for brevity. This completes the 
treatment of all of the nonlinear pressure and stretching terms. 


10.2.2 Transport nonlinearity 


These terms are treated similar to ^10.1.41 we just briefly sketch the differences here. Write the 
transport nonlinearity as 

r = - y (u^ . Vy,zQ^) dV- I dv 

- j A-^’^Q^^Af (u^ ■ VQ^) dV 
= TqjL + 7^0 + 


As in ^10.1.41 P4.32I) together with the bootstrap hypotheses imply 

2 

2 ' 

Similarly, 


ro^<e 


r^o < e + ll^"’"Qi2 + 11^ 

which is absorbed by the dissipation for cq sufficiently small. 

For 7^^ we get from (14.331) and (1C.IF 


3y)3 


< ||A"’ 2 g 2 

^ ll^"’'Q'll 2 


(i) 


< 5 i 


< 


2 

(<>'■ 

{hT 

2 


(|| A ^' 2[/^||2 + ^ ||^ y 2 ^ 3 |y 

(^{tf + ||A^’ 2 [/ 2||2 + v^-ALA'^’ 2 g 2 




2 ' (z/t3)2a 

which completes the treatment of 7^^. 


10.2.3 Dissipation error terms 

As in ^10.1.51 these terms are treated in the same manner as the analogous terms in [12] and 
absorbed by the dissipation; the details are omitted for brevity. 
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10.3 Enhanced dissipation of 


As in the high norm estimates on in ^ we need to deal with the issue caused by the lift-up 
effect and the linear stretching term. Computing the time evolution of ||A^’^(5^||2, we get 


1^ 

2 dt 




A''dQ^ 

2 

+ G^- 



2 

V WL 


{t) 


— ||A^’^(5^||^ - 


t 




2 

2 


j -2 


A’^dQ^A'^’^dl^xU^dV 


+ 2 j A''dQ^A'^dQ^^u2^y J A’^dQiA'^d (^AtQ^^dv 

- I A'^dQiA'^d (u-VQ^^ dv 

- J A’^dQiA’^d [(^Qidp^) + 2djWdjjU^ - dx {dp^dp^)] dv 

= -VQ^'d + G^ - CKp - (1 + 6i)CKp 
+ LU + LSI + LPl + Ve + T + NLSl + NLS2 + NLP. (10.9) 


where is analogous to the corresponding term in (llO.ip . As in UlO.ll is absorbed by using 
the dissipation. Note that for i E {2,3}, 

jy,l < ( 10 . 10 ) 


10.3.1 Linear terms 


The treatment of the LU term is analogous to the treatment used in the improvement to ()2.51cl) in 
^8.21 We omit the details for brevity and conclude that there is some constant AT > 0 such that 


LU <6it{t)-^\pdQ^\ 


2 

2 451^3/2 


|V|s/2 ^^;2 q5 


+ 


K 


j/;2 ^2||2 


hl<5f-'t3/2 




K 


2 + 




which is consistent with Proposition 12.11 provided Kedi S> max(h^2^ treat¬ 

ment of LSI can be made analogous to the LS3 term treated above in 1)10.11 along with the 
tweak used in the improvement of (I2.51cp . We omit the details and conclude, for some constant 

a: > 0, 


A51 < (1 + 6i)CKp + (1 - Si)CKp + Ke ^ ^ \\Appl + ^ \PAlU^ 

2 {t) {t) 


1||2 
2 


+ 


5a 


10 (t) 


3/2 


A'^'dQ^ 


K 

+ —r- -- 


dni||2 
2 ’ 




which (after Lemma IC.OP is consistent with Proposition 12.II for Kedi chosen large relative to K^i^ 
and Ked 2 - Next consider the linear pressure term LPl. 


no 


















































We may directly apply Lemma IC.21 to deduce 

LPl < 2 WdxxA'^’^U^W^ < (t)-^ ||^"’^Q ^||2 (||^"’'Q ^||2 + 


< II + ^ + Ked 2 2 


which is consistent with Proposition 12.11 provided Kedi S> Ked 2 - 


10.3.2 Nonlinear pressure and stretching 


These terms are treated in essentially the same manner as in l)10.1.3l however, we sketch some of 
the similarities and differences briefly. Recall the enumeration As above, we will enumerate the 
terms as follows for i,j £ {1,2, 3} and a, 6 £ {0, /} 


NLP{i,j,a,b) = j A'^’^Q^A''’^dx{dpidlui)dV 
NLSl{j,a,b) = - j {Qidpl) dV 

NLS2{i,j,a,b) = -2 [ A’'’p^A''’\diuldidpl)dV. 


( 10 . 11 a) 

( 10 . 11 b) 

( 10 . 11 c) 


10.3.2.1 Treatment of NLP{i, terms 

Notice that in this case, j / 1. From (I4.32p . Lemmaand ()2.58p . 
NLP{z,j,^,0) < \pP\\p’^dxdp^\pp\P,,^3.+, <e 
which is subsequently absorbed by the dissipation. 

10.3.2.2 Treatment of NLS'ipj, 0,/) terms 
From (|4.32p . Lemmaand (|2.58p . 


<e\pp%(\p-’^Qm^+ Ap^, 


NLSl{j,dP)<\p-^P^\ 


Qi 




which is absorbed by the dissipation. 

10.3.2.3 Treatment of WLiS'l(j, 7 ^, 0) terms 

Note that j / 1. From (I4.32p . Lemma [0.21 (I4.8bl) . and ()2.58p . 
iVL5i(j,/,o) < 

< e (II + iiA^g^ii^) (||^"’'gi2 + 

which is absorbed by the dissipation. 

10.3.2.4 Treatment of NLS2{i,j,^,0) terms 

From P4.32I) . Lemma [0.21 and (|2.58p . we have (noting that both j / 1 and i 7 ^ 1): 


NLS2{i,j,^,0)<\p’PX 

which is then absorbed by the dissipation 




K/r 


0 11 ^'^i(3+3q: + 6 rs-< 


<e\pp%(\pPX + 
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10.3.2.5 Treatment of NLS2{i,j,0,^) terms 
From ()4.32p . Lemma IC^ and ()2.58p . we have 

NLS2{i,j,0,^) < 

which is then absorbed by the dissipation. 


^0 


< 


gX,p+3'y+5 




10.3.2.6 Treatment of NLP{i,j,^,^), NLSl{i,j,j^,^), and NLS2{i,j,^,^) 

The nonlinear terms involving two non-zero frequencies can all be treated in essentially the same 
manner as in in 1110.1.3.6l and 1110.1.3.71 We treat the representative example NLS2{2, 3, 7 ^, 7 ^). 
By mM, 

/7\2+<5i 

1VL52(2,3,7^,7^) < 


{i^tT 


- (zzt3) 


+ \\A"QU2) (ll^"’'Qi2 + Il^'^?^ll2) ’ 


which is consistent with Proposition 12.11 for e sufficiently small. 


10.3.3 Transport nonlinearity 


The transport nonlinearity, T in (llO.Op . can be treated in the same manner as the transport non¬ 
linearity in ^10.2.21 We omit the details for brevity. 


10.3.4 Dissipation error terms 


The dissipation error terms can be treated in same manner as those in ^10.1.51 and hence we omit 
the details for brevity. This completes the enhanced dissipation estimate on 


11 Sobolev estimates 

In this section we improve the (and L^) estimates in p2.54p . Since these estimates are on quan¬ 
tities which are independent of X and are in finite regularity (so it is easy to handle compositions), 
we may deduce them in the original (y, z) variables and then transfer them back to (Y, Z) variables 
(see ^for more discussion on changing coordinate systems). This is also useful for taking advantage 
of the divergence free condition in the form (jll. 2 l) below. 

First, recall Lemma 13.21 From (|3.3p and the equation satisfied by Qq (from (12.11) 1: 

( 11 . 1 ) 


dtqo + {ul, Mq)^ • Vqq = -q^djul -h dy [diuldjU^j - 2diuldijul +Fq + fXql, 
where, analogous to (12.311) and (|3.6I) . we derive 


Fq = (dididj ( ) - dydjdi ( 




In what follows denote 


yy ^ - UyUjUi \ 


/ “0 
^0 := ( „,3 
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11.1 Improvement of fl2.54al) 

In this section we improve (|2.54ap from (jll.ll) by making an estimate on and then transforming 
this to an estimate on Qq. The first thing to note is the spectral gap estimate 




( 11 . 2 ) 


following from the divergence free condition on u. This kind of estimate would normally imply 
exponential decay, however, the decay of J- is only polynomial. From (jll.ip we have 


1 C? II 2||2 

2 ^Po|Ih-' 


= II Vgo'115,.. - J (V)"' qI (V)"' (uo • Vql) dydz 


+ J (V)'^ qo (V)'^ -qidjul + dy [diuldjUoj - 2diuldijul 
+ I (V)"' ql {Vy' Fydydz. 


dydz 


Write 


- J (V)"' ql (V)"' {uo • Vg2) dydz = - j (V)"' ql (V)"' [uldyql) dydz - J (V)"' q^ (V)"' {uldzql) dydz 

= Ty + Tz- 

For Ty we use the algebra property of , ()3.8p , and pil.2p , 


Ty<e\\Vql\\l^,+ 


ll„ 2||2 


^ ||^o||//o-' y ^ ll^9o||//o-') 


which is consistent with Proposition 12.11 for cq sufficiently small. For Tz we use the fact that one of 
the first two factors must have non-zero frequency in z (this was also used in ^S.l.ip . 


~ II^oIIj^ct' ||V(?o||j:^a' + II90II2 ll^^o||jy<T' II^ 9 o|Ih<t' 

~ ^ II^^oIIh'^' + 


yt) 




'0\\h°'' ’ 


which is consistent with Proposition 12.11 From the algebra property and (13.71) we get 


I {vy' qlyjy' Fydydz< 


{vty 


2a 


Turn to the A^L51 term, 
^2 / y 7 \( t ' fja.,,2 


- J (V)"' ql {vy' [qidjul) dydz = -J (V)"' ql (V)"' (AugS.ug) dydz - J (V)"' ql (V)"' {qldyul) dydz 

= Sz + Sy. 

To treat Sy we use the algebra property and (13.8p to obtain 

C ^ll„2||2 ||v 7.,2|| ^ ^ ll„2||2 

‘^y ^ II^o||//ct' 11^011 o-' {yty ’ 


113 



















For Sz we use the integration by parts 


s, = I {vf . (v (V)"' dzuldydz + I {vf ql (v (V)"' 4) ■ dzVu^dydz 
- I (V)"' qi ((V)"' - (a (V)"' dzul) dydz 

= sl + sl + sl 

To control the first two terms, we use (13.81) (and (|11.2l) i. to deduce 

^ ll^^oll//o-' ll^^oll/fo-' ll^^^oll//o-' + ||%||//o-' II^^oIIh°'' 

~ ^ (II^^oIIh-' + hoWn-' + II^^^oIIh-') 

Treating the commutator in the S'f term is by now classical and, in particular, by using that for 

{rijf - {CJY ^ 


we have 



H'^ 


IVugl 




15. 


Un 


H<y' 


elko^ll 


H’’ 


+ 




||Vu 


3||2 


which is sufficient. For the NLP term, by integration by parts and (13.8p . 


iW' Qo iW' dy (diuldjul) dydz < ||Vgg||^,, (||5^u^||^,, + ||5^u§||^,, + \\dyul\\'^^, 


. 2||2 


< 


llV^ollj^a' + 


4t) 


2a Ik• 


For the second NLS term we do not need to integrate by parts and instead use the algebra property 
and the definition of Qq: 


- j iW' Qo (V)'"' (^diu^didjul^ dydz < ||go||?f.' (||+ ll'^^oL-') 

~ ^ Ikoll/fa' + ■ 

Putting the above estimates together now yields the stated decay estimate by standard methods 
via (jll.2p . The details are omitted for brevity and we simply conclude that for cq chosen sufficiently 
small we have 

lkoL<.' < (11-3) 

It follows by Sobolev composition that for cq sufficiently small, ||Qo|Ih<t' ^ (1 + -^cq) ||(?o||/f<T' for 
some universal K > 0, and hence for cq chosen sufficiently small, the improvement to (I2.54ap follows. 
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11.2 Improvement of fl2.54cp 

Note that f d^u^dz = 0 and hence we get the spectral gap 

From ()3.3p we get 

1 7 p 

2di ||V5^Mo|||-a' - J (V)”^' d^ul (V)'^' {uo ■ Vuq) dydz 

+ I {vf d,ul {vf d,,/\-\d^4djul)dydz + I {vfd.ul {vf d.F^dydz. 

The transport term is handled via 

- J (V)"' d,4 {vf d, {uo • Vul) dydz = - j (V)"' d,ul (V)"' {d,uo • Vul) dydz 

- I {vf d,ul {vf {uo • V5,n[]) dydz 

= Ti+T2. 


For Ti we get from the algebra property 

Ti < 

, II „ QII2 e ii_ 'j||2 

~ e Ik • 

For T 2 we may instead simply absorb with the dissipation (using pil.ip ) by adding another derivative 
to the first factor: 


which will be sufficient to treat the transport term. 

From P3.7I) we get 

I {Vf d,ul {Vf d^F^dydz < PAWh^' • 

The last difficulty is from the pressure. By the algebra property, 


(V)'"' d;,ul (Vy' ^{diU^djuDdydz < {\\d;,uldyul\\j^,, + \\{dyulf\\j^^, + ||(9^Uo)^||^,,) 


< ^ 


I *^ 2:^011 T 


{i2t) 


3a 




2a 


Vu; 




+ 


(ut) 


3a ’ 


which is consistent with Proposition 12.11 for cq sufficiently small by (lll.4jl . Putting the above 
estimates together now yields the stated decay estimate using pil.ip via standard methods. The 
details are omitted for brevity. 
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11.3 Improvement of fl2.54b|) 

Due to the divergence-free condition, it follows that 


ul{r],l) = 


Therefore, it follows from (111.31) that 


gg(T?,/)l;^o 


II 2|| ^ 

WMh-' ^ 

and so for cq sufficiently small, the improvement to ()2.54bp follows by Sobolev composition as above. 


11.4 Improvement of fl2.54dp and fl2.54ep 

The improvement of (I2.54dp and ()2.54ep will be implied by the two following estimates: 


It/, 


ll|2 


0 


+ U 


|Vt/l(T)||" , dT<2Kui2cl 


(11.5a) 


Ji 

\\U^\\^,, <2Kuie{t) . (11.5b) 

Both are straightforward (especially since the nonlinear pressure vanishes from (13.31) for uj); the 
only difference is in the treatment of the lift up effect term. Indeed, from (|3.3I) we get 


1 ^ 
2 dt 


n-. HWm' = I|V«o|Ih.' - / (V)"' 4 {vf (uo • VuJ) dydz 


- j {Vf' uldydz + j {Vy' uI{VY' F^dydz. (11.6) 


The forcing terms are dealt with as above and are hence omitted. To treat the transport terms, we 
use the slight variation of the proof used in 1)5.1.11 above. Indeed, note 

- j {Vf ul {Vf (no • Vul) dydz = -j {vf 4 {vf {uldy4) dydz 

- j (V)"' 4 (V)"' {4dz4) dydz 
= Ty+F. 


For Ty we may use the algebra property 

ddy Y Iholln-^' Ihollz/a' ^ e , 

which is consistent with (|11.5I) for cq sufficiently small. For note that due to the at least one 
of the other two factors must have a non-zero frequency in z, which implies 

'ddz y ||^o||//ct' II ^2^0 II//a-' T ll^olljlfo-' 11 ^^0 11/^0-' 

^ 11,-^ iii2 e II iii2 

^ e ||Vuo||j^a' + 444 ^ IPo||/f,T' ) 
which is again consistent with (111.51) for cq sufficiently small. 
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If one is deducing (111.Sal) then the lift-up effect term can be bounded for some universal K > 0 


by 


J (V)'^ Uq (V)'^ u^dydz < ||uq 





H.'< 


V II 1 ||^ 

1 j.\o r^O j/ct' “I / 77' 
{vt) " V {ut) 


The former term is treated via an integrating factor ■whereas the latter term is consistent with 
(jll.Sap . both for Kui 2 sufficiently large. 

If one is deducing (lll.5b|) . then hrst we multiply (I11.6P on both sides by and use 


1 d 



t II i ||2 


Then the lift up effect term is treated via 

- J ul u^dydz < |ho||//<.' hoWn-' ^ ^\H\\h-' ■ 

The nonlinear terms are treated by an easy variant of the treatment applied in the proof of (jll.Sap . 
From here, one applies the super-solution method described in ^7.11 We omit the remaining details 
for brevity. 


11.5 Improvement of (I2.54fp 

This estimate is a slight variant of the proof of (I2.54dl) . From (|3.3p we get 

Iholln-' = “ j '“o {uq ■ V-uf]) dydz 

+ j (V)'^' (V)'^' dzA~^didj (u^ul^ h^ij^idydz 

+ J {Vf'ul {Vy' dydz. 


The treatments of the transport nonlinearity and forcing terms are essentially the same as for 
the improvement of (j2.54dp and (|2.54ep . Let us briefly comment on how to treat the pressure 
nonlinearity. Denote this contribution 

p = J '^0 d^A~^didj (uIFqJ li^ij^idydz. 


Notice that if i = j = 3 then at least one of the factors of Uq must have non-zero z frequency, we 
integrate by parts and use the algebra property: 


P ~ + Iho^oL^' + hoWn-' P^'^oWh-') 






“he V Ui 


oWh-' 


< e II + 


(ut) 


2a • 


(11.7) 


This suffices for the improvement of (|2.54fl) as the first term is absorbed the dissipation and the 
latter integrates to O(coe^). 
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11.6 Improvement of (|2.54gP and fl2.54h|) 


These both follow by a straightforward energy estimate on (j3.3p , together with the 2D Gagliardo- 
Nirenberg inequality 


ll/ll4<ll/ll2||V/2||5^^ (11.8) 

From (j3.3l) and computations similar to the above Sobolev scale estimates (using (13.81) and (I3.7p of 
course), one derives 


1 d II .?||4 ^ 11^/ S\2I|2 ^ 

4^lho|l4 ^ -^^||V(uo) II 2 + 


+ 


2 (Z2t)" (l/fS)"' 

We remark that this kind of good decay is only possible due to the strong decay estimates obtained 
above and the special structure of the nonlinearity. By (Ill.Sp and (13.8p there holds 


hoWT) ~ lholl4 - ^^ hoWl + 

By comparing (vt) ||tio ||4 ag^st the super solution 


(z/t) 


a—1 


+ 


(z/t3) 


a—1 ' 


Y{t) = Ke^ + 




for K chosen sufficiently large (independently of Z 2 , e, and Kb of course) we conclude that 


L,3|| < 

P 0 II 4 ^ 


{vt) 


1/4’ 


from which the improvement to p.54gp follows for sufficiently large by composition (note that 
since p.54gP is not used in the bootstrap argument, it is really deduced a posteriori). We may 
improve ()2.54hjl in essentially the same way except for the lift-up effect term, which is treated as in 
()11.5bjl above. The details are omitted for brevity. 
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A Fourier analysis conventions, elementary inequalities, and Gevrey 
spaces 


For f{x, y, z) (or (X, Y, Z)), we define the Fourier transform fkiv, 1) where {k,rj,l) G Z x M x Z and 
the inverse Fourier transform via 


fk{r],l) 

f{x,y,z) 


1 

(27r)3/2 

1 

(27r)3/2 


/ 

Jt 


TxKxT 


e-^^^-^y^-^i^f{x,y,z)dxdydz 





With these conventions note, 

/ f{x,y,z)g{x,y,z)dxdydz = ^ / fk{v,l)9kivJ)dr] 


fg = 


:f*g 


(27r)3/2' 

(V/)fc(r/,0 = {ik,ir],il)fkiri,l). 


The paraproducts are defined in ^4.21 using the Littlewood-Paley dyadic decomposition. Here we 
fix conventions and review the basic properties, see e.g. [1] for more details. Let if) ^ M_|_) 

be such that = 1 for ^ < 1/2 and = 0 for .^ > 3/4 and define p{^) = 
supported in the range ^ G (1/2,3/2). Then we have the partition of unity for ^ > 0, 


1 = 

Me 2 Z 


where we mean that the sum runs over the dyadic integers M = ..., 2“-^,..., 1/4,1/2,1, 2,4,..., 2 ^,... 
and we dehne the cut-off Pm{0 = each supported in M/2 < ^ < 3M/2. For / G 

L^(T X M X T) we define 


/m = Pm(|V|)/, f<M = ^ Ik, 

K&2^:K<M 

which dehnes the decomposition (in the sense) 

/ = /m. 

Me 2 ^ 

There holds the almost orthogonality and the approximate projection property 


ll/ll^ 

» E Il/"ll2 

(A.la) 


Me2^ 


II/m||2 - 

- (/m)~M 2 ) 

(A.lb) 


where we make use of the notation 


/~M = ^ Ik, 

K&2Z-.^M<K<CM 
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for some constant C which is independent of M. Generally the exact value of C which is being used 
is not important; what is important is that it is finite and independent of M. Similar to (lA.lh but 
more generally, if / = '^j Dj for any Dj with ^2^ C supp-Dj C C2^ it follows that 

ii/iii»cEii®tii' (A^2) 

jez 

Next we give some basic inequalities which are useful for working in Gevrey class and related 
norms. The first are versions of Young’s inequality. 

Lemma A.l. Let /(OiffCO ^ G and b{^) G for a > d/2, 

Then we have 


\\f*h\\^<^,, wfhWirH,, 

I \f{c){9*hm\df<^,, wfUaUir h\\, 

\f{f){g * h * bm\di 11/1I2 Wah iK-r h\\, iKr ^112 • 


(A.3) 

(A.4) 

(A.5) 


Further iterates are applied for higher order nonlinear terms in Lemma f.l and are similar to (IA.5D 
but are omitted here. 

The next set of inequalities show that one can often gain on the index of regularity when 
comparing frequencies which are not too far apart (provided 0 < s < 1). This is crucial for doing 
effective paradifferential calculus in Gevrey regularity. 

Lemma A.2. Let 0 < s < 1, x, ?/ > 0, and A > 1. 

(i) There holds 

k* — < s max(3:^“^, \x — y\ . (A.6) 

so that if \x — y\ < 


— y^\ < 


(A- 1)1 


zik-yr- 


Note 


{K-l) 

(a) There holds 


< 1 as soon as si-® + 1 < A. 


\x + < 


/ max(a;, y) 

V x + y 


l-s 


(x^ + yl, 


so that, if hy < x < Ky, 


\x + < 


A 


1 + A 


l-s 




(A.7) 


(A.8) 


(A.9) 


Gevrey and Sobolev regularities can be related with the following two inequalities: 
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(i) For all X > 0, a > /3 > 0, C, (5 > 0, 


(ii) For all x > 0, a, a, 5 > 0, 


-<5a;“ < ^ 

~ r— / \ cr * 

o« (x) 


(A.IO) 


(A.ll) 


Together these inequalities show that for a > /3 > 0, ||/||gc,a;/3 ^a,i 3 ,c, 5,(7 ll/llga.o;^- 

The last lemma concerns composition and is somewhat subtle; see e.g. the Appendix of [13] for 
a proof. Notice the regularity loss associated with composition, which is an issue associated with 
infinite regularity classes. 

Lemma A.3 (Composition in Gevrey class). Let s € (0,1), A > 0, 5 > 0 and f,g be given Gevrey 
class functions with <Cg<l. Then, 

11/ o {Id + g)\\gx <c^^s \\f\\gx+.+s , (A.12) 

with 


for some constant Kcp = Kcp{s). 


V — Kcp llsllgA ) 


B Definition and analysis of norms 


B.l Definition and analysis of w 


There are several constraints we need to satisfy when defining w. Not only does the multiplier 
defined by the w have to be approximate supersolutions of the toy model in ^2.41 but it also has 
to be always getting weaker in time and be locally Lipschitz continuous in time and frequency. As 
mentioned above, the multipliers we use are variants of those used in nans], so we draw on these 
constructions. 

We first begin by defining w{t, g), which is used to construct w{t, g). In what follows fix fc, r; > 0; 
we will see that the norms do not depend on the sign of k and g. Further, recall the definitions 
in ^1.61 The multiplier is built backwards in time, which makes resonance counting easier. Let 
t G Let w{t,g) be a non-decreasing function of time with w{t,g) = 1 for t > 2g. For k > 1, 
we assume that w{tk-i,ri) was computed. To compute w on the interval Ik^p, we use the behavior 
predicted by the toy model in (I2.40p . For a parameter k> 2 fixed sufficiently large depending on a 
universal constant determined by the proof, for k = 1,2,3, ...,E{^g), we define 


w{t,g) = 


^ r 

g . 


f T ^k,r}\t 


71 

w(t,g) = [l + ak,ri\t - - 


1 \ 

k'\ 


— 1—K, 




- fV 
w — 


Vi G 4^, = 


Vi G Ik^p — 


tkp, - 

"ft,7?) ^ 


(B.la) 

(B.lb) 


The constant is chosen to ensure that ^ [l + 4,T?|ifc-i,r) “ ^1] =1) hence for k >2, we have 


bk,p — 


2(A:- 1) 
k 


1 - 




(B.2) 
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and = 1 ~ 1/^- Similarly, is chosen to ensure ^ [l + CLk,r)\^k,ri ~ fl] = 1) which implies 


^k^T) 


2 (fc + l) 

k V V J ' 


(B.3) 


( 1,2 \ '^ / 1.2 \ 1 + 2 K 

— j and w{tk^r]) = ( — j . For earlier times 

[0,tE(^)^n]i we take w to be constant. Next, we will impose additional losses in time on w: 


w{t,r]) 


w{t, rf) exp 


— K 


poo poo 

I ^r<2Vvdr-Kj^ lv^<r<2|,| 


-IT dr 


(B.4) 


The following lemma is essentially Lemma 3.1 in m and shows that w{t,r]) ^ loses some fixed 
radius of Gevrey-2 regularity. The proof is omitted for brevity. 


Lemma B.l. There is a constant fi (depending on k) and a constant p > 0 such that for all \t]\ > 1, 
we have 


< 


i-P 


w{t,r]) w{l,r]) 


e^v^, 


where is in the sense of asymptotic expansion (up to a multiplicative constant) as rj ^ oo. 


The following lemma is from m, and shows how to use the well-separation of critical times. 

Lemma B.2. Let f,,T] be such that there exists some K >1 with ^ |(^| <\r]\ < K |,^| and let k,n be 
such that t G Ik,n o.nd t G (note that k k, n). Then at least one of following holds: 


(a) k = n (almost same interval); 


(b) and 


(c) \v-f.\ (well-separated). 


t — 


— from resonance); 


The next lemma tells us how to take advantage of the time derivative of w and hence the 
terms. 


Lemma B.3 (Time derivatives near the critical times). Ifl^t< 2y^, then there holds 


dtw{t,r]) ^ 

w{t,v) 

If we instead have t G \k,ri for some k, then the following holds 

dtw{t,r]) ^ K K\r]\ 

w{t,r]) ^ 1 + |2 _ ^2 


(B.5) 


(B.6) 


The next lemma is a variant of [Lemma 3.4, [13j]. It is important for estimating nonlinear 
terms where we need to be able to compare CKyj multipliers of different frequencies. The proof is 
essentially verbatim from m so it is omitted for the sake of brevity. 


Lemma B.4. (i) For t > 1, and such that t < 2mm{\f^\,\r]\), 


dtw{t,r]) w{t,^) ^ _ 2 

w{t,r]) dtw{t,f,) ~ d 


(B.7) 
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(a) For all t>l, and rj,^ such that for some > 1, 1^| < \r]\ < 


w{t,f,) 


l dtw{t,T]) 

w{t,r]) 


+ 



iv - 0 " ■ 


(B.8) 


The next lemma is an easy variant of the analogous lemma in [El- 
Lemma B.5 (Ratio estimates for nonlinear interactions). There exists a K > 0 such that for all 

w{t,f) ~ 


Proof. The proof that ^ for some C > 0 is non-trivial but follows mutatis mutandis 

the proof of Lemma 3.5 in m- What remains is 


Wi{t,r]) = exp 


— K 


fOO .oo 11 ■ 


for which it is 


straightforward to show 


□ 


B.2 The design and analysis of wl 

The multiplier wl is introduced to deal with the linear pressure term in the equation. We define 
wl such that it solves the following (we may without loss of generality use the same parameter k) 

\k\{l) 


dtWL{t,k,lJ,l) = K 


k"^ + F + \r] — kt\ 


jWL{t,k,r],l) 


t > 1 


WL{l,k,ri,l) = 1 . 

Since the following holds uniformly in k,l, rj: 


f 


\k\{l) 


>dt < 1, 


(B.9a) 

(B.9b) 

(B.IO) 


0 k"^ PP + \r]-kt\^ 

the multiplier wl is 0(1) and hence will have very little effect on most estimates. To see (IB.101) : 
\k\{l) 


I 


0 k^ + P + \r] — kt\^ 


^dt < 


\k\{i) r _ 


dt < 


k^ + P 


\k\{l) k‘^ + P 


fe 2 


/ OO 

-ool 




ds < 1. 


C Elliptic estimates 

In this section, we group and discuss all of the necessary “elliptic” estimates on While 

itself is not elliptic, it is the representation of A in these new coordinates and it is precisely the 
ellipticity of A that is the origin of inviscid damping. 
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C.l Lossy estimates 

First, there is the equivalent of the lossy elliptic lemma from m- The proof is analogous and is 
hence omitted here. 

Lemma C.l (Lossy elliptic lemma). If C satisfies the bootstrap assumptions ()2.52p . then for cq 
sufficiently small, for any function cj), and a < a, 

ll^i ~ • 

We also need a version of the enhanced dissipation lossy elliptic lemma from |12j : 

Lemma C.2 (Lossy elliptic lemma II). If C satisfies the bootstrap assumptions (I2.52p . then for cq 
sufficiently small, for any function fi, and 7 ' = /3 + 3a + 5, 


I + \\axA-''Ap<l,\\., < (||A''iV|l2 + (()-’ 


|8zA-%-V||2 + ||(8y - t8x)A'--'l\p4, < T (|| + (*) 


-3 


I^A-^ArVL < {\\a-'"42 + <*> 


-3 




Vllg^.v 


] ■> 


(C.la) 

(C.lb) 

(C.lc) 


where b = 0 if n,m 1, 6 = 1 if exactly one of m or n equals one, and b = 2 if m = n = l. 
Moreover, 




^\\2~^ ^ V^— ^ + i't) ^ ll05^llgA,7'^ 




(C.2a) 

(C.2b) 


< 7 -^ ( +{t)-^\M^,^y). (C.2c) 


Finally, we have 


(C.3) 


Proof. The proof is similar to the corresponding lossy elliptic lemma in m- For all i the proof 
is basically the same, so concentrate on i = 3. Moreover, the proofs of all the inequalities are 
essentially the same, so we consider just the dz estimate in (IC.ip . 

First, by (l4.8aF 

llazA-’^A-VII, < .T ||AiArV|lex,,««. + T ||A-AAiArV||2. 

Control of the first term follows from Lemma lC.il so turn to the second term. First, 

= fi- G{dY - tdxf^T^fi - - tdx)dz^T^(l) - \C{dY - tdx)Afi^4> 

= (j) £i £2 F £3 (C.l) 

Applying to both sides yields 




























Then, by ()4.32p . and Lemma [4. 101 

3 


< (||G||gA./3+3c.+3 + 11 11 gA,/3+3c«+3 + 11 Aj C | |gA,/3+3c«+3) ||A'^’^AlAj < Cq HA^’^AlAj ^'^^2 ’ 

i=i 


which for cq sufficiently small can be then absorbed on the LHS of (jC.5p . This completes the 
treatment of (IC.ip . 

Consider (IC.2p . Note by (j4.8bp that, 




< 

2 ~ 




|AlA,-V|| 


gA,/3+3a+5 


+ 






t y 


Then we consider pC.4p and apply y /to both sides. The result follows as in pC.ip above, 
except also applying (14.91) to move the -v/^A^ past the coefficients. We omit the details for brevity. 
Finally, the proof of (IC..Sp is straightforward by the above techniques and is hence omitted. □ 


Next we consider the interaction of with the wl multiplier. 

Lemma C.3 {CK^j^ elliptic lemma). Under the bootstrap hypotheses, for cq sufficiently small we 
have for any function (j), 


dtWL 

WL 


A'^’^AiA: 



< 



2 

V WL 


Proof. The proof of (jC. 6 p follows similar to Lemma IC.21 bv applying 

\k,l,r]- kt\ (//) 1/2 \k^l^r]- kt\ \k, f. - kt\ 

,3/2 \k\r^- 


{i-i'.v-iY 


\k,U,^-kt\ 


(C. 6 ) 


□ 


C.2 Precision lemmas 

All of the so-called ‘precision elliptic lemmas’ (PEL) are variations on the common theme of using 
A^^ as an approximate inverse. 

The hrst PEL puts Uq in the high norm, producing low frequency error terms. 

Lemma C.4 (Zero mode PEL). If C satisfies the bootstrap assumptions (j2.52p . then for cq suffi¬ 
ciently small, 

{tr" WWl ^ + (i)"' l|t^o II 2 + (C.7a) 

\\AUX < + l|f^o II 2 + 7 ^ II^C-||2 (C.7b) 

\\AU^\\l < ||A3Q3||2 + ||t;3||2 ^ ^2 p ^||2 ^ 

Moreover we have 

(t)-^ WVAU^Wl < IIVAiQJII^ + (t)-2 \\VU^\\l + ||VAC||2 (C. 8 a) 

WVAU^Wl < ||VA2q2||2 ^ ||^^2||2 ^ ^ 

\vt) 

W^^^oWl < ||V 7 l=^Qi ]||2 + ||Vt/3||^ + ||VAC||2 . (C. 8 c) 
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Proof. The proofs of ()C.7p are all the same so we only focus on (|C.7cP for simplicity. We will 
separate low and high frequencies: 




+ (AUl) 


’>1 


For the low frequency term we have 


(AUi) 


<1 


~ Iro II2 • 


For the high frequencies we write: 

+ 2i;,dzY)U^)^, - {AtCdyU^)^, 

= Qo + + ^2) 

and denote the multiplier 

M = AA-^ 

We apply this multiplier to both sides of ()C.9h and deduce 


i=i 


(C.9) 


(C.IO) 


The error terms will be either absorbed on the LHS or will yield the contribution from the coefficients 
in (IC.7p . Consider £i hrst. We expand with a paraproduct 

M£i = M {{G)HidYY + ‘2{'lpz)HidzY){UQ)Lo) + M {{G)LodYY + ‘2{'lj;z)LodzY){UQ)Hi) + M£i.Tl 
= M£i-c + + ■M-£i.tz- 

When the coefficient is in high frequency, we have from ()2.58p . 

M{r],l)£i.c < e ^ 




A { v , l)hri,i\>i G { C , l')m + l')m Low{v - - l')di. (C.ll) 


(it is only the size of the low frequency factor that changes between the different cases in (IC.7p ). 
Therefore, by Lemma l4.II and (j4.18ap . 


\\M{^,l)£v,c\\l<e^\\AC\\l, 

which suffices for £i-c- For £i.^jj we use a slightly different treatment: 

1 


(C.12) 


M{r],l)£i.u < Co 


^ Co 


\'n^\ 

1 




>1 


{ vyu ^{ c,nm 


Low{ri — ^,l — l')d^ 






Low{rj — — l')dC 


— M.{ri, l)£i.u + A4(?7, l)£i-u^ 


From (I4.18ap . 




>1 
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which will be absorbed on the LHS of the estimate (jC.lOp . Similarly, 

\\M{rj,l)£t,u\\l<cl\\U^\\l 

which appears on the RHS of (jC.Tch . Next turn to the remainder term which by applying 

(14.5h and ()4.18bh . 

\\M{rj,l)£^,nWl < c2 ||Af+ cl\\U^\\l . 

Hence, everything on the RHS either also appears on the RHS of (jC.Tcp or is absorbed on the LHS 
of (IC.IOI) for Co sufficiently small. This completes the treatment of £i. The treatment of £2 is 
very similar, note that we have an extra derivative in (jC.lljl . Hence, this treatment is omitted for 
brevity. This completes the proof of (|C.7cP : the remaining inequalities in (1C.71) are the same and 
the proofs are omitted. 

The proof of (1C.81) is essentially the same as (1C.71) after noting that the coefficients ^pz and tpy 
always have factors of VC (see Lemma Id.lOp . □ 

The next PEL is the one most analogous to Proposition 2.4 in m- 

Lemma C.5 {CK PEL). Let (p be given such that ||</>||gA < e (t)^ ^ for some a > 0 and 6 > 0. 

Then for cq and e sufficiently small, and provided that C satisfies the bootstrap assumptions (|2.52p . 


dtw 




< 

r\-i 


dtw ^ 






2 /+\2fe-2 


+ 


{t) 


{ut^) 


2a 


2 

w + (t)^ 


AC 


(C.13a) 


Proof. We will prove the result in the case i = 2; both of the other cases are very similar. Write 
P = A,- 

Al-P = — G{dY — tdx)^P — 2pz{dY — tdx)dzP — AtC{dY — tdx)P 

= P^ + £ i +£2 + £ 3 . (C.14) 

Analogous to the proof of [Proposition 2.4 |13]]. we will apply the multiplier 


dtw |V 


s/2' 


+ 


A^ =M 


w {ty 

to both sides of (jC.14l) and estimate the terms on the RHS. Hence we get 


3 

||Af Az.P||^ < \\MP 4 \I + Y, \\M£P\l. (C.15) 

i=l 

The leading order term on the LHS of (IC.15h appears on the RHS of ()C.13p so it remains to control 
the error terms. 

Turn to the first error term and expand with a paraproduct 

M£i = MCniidy — tdx)^PLo + MCioidy — tdx)‘^PHi + £i-,'R. 

= £i-,c + £i-,p + £i-,ti- 
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By O, ()4.7p . (|4.18ap . and Lemma [4.101 it follows that 


\\M£i,p\\1<cI\\MAlP\\1 

which can hence be absorbed on the LHS of (jC.lSh by choosing cq sufficiently small. Via (|4.4p . 
(14.7h . (I4.18bh . and Lemma r4.ini we also have 

\\M£,,n\\l<cl\\MALP\\l, 

which, as above, is absorbed on the LHS of ()C.15p by choosing cq sufficiently small. 

Consider next £i-c for which, by the hypotheses and Lemma lC.il we have 


M£i.,c < ^ ^ M (fc, r/, 0 I G(e, r 


Low{k, rj — 


the extra from (dy — tdx)‘^ was canceled by the ^ in 
From Lemma l4.II and (j4.7p it follows that 


the definition of P and Lemma lC.il 


\M£r,c\ < 


wio ^ {ty J 



A{C,n G{U')Hi Low{rj-C,l 




Therefore, by p4.18ap and Lemma 14.101 


\\M£v,cr2 


2 < (t)^ 


\ 2a 


{upy 

^ e2 



A{V)-^G 



2 

2 


As this contribution appears on the RHS of (IC.lSp . we are done with this term. 

The error terms £2 and £3 can also be separated using the paraproduct decomposition. With 
obvious notations, £ 2 ,p, £ 3 ,p, £ 2 , 71 , £ 3,11 can be treated similarly to £i^p and £iji above. The second 
coefficient error term £ 2-0 is easier than £i-c since the number of derivatives on G is the same but 
the low frequency factor is one power of t better. The third error term Tsjc is treated analogously 
to £i-^c since the extra derivative on G is absorbed at the cost of a power of time, but the low 
frequency factor is a power of t better. We omit the details for brevity and conclude. □ 


The next PEL is simpler than Lemma 1C.51 and is very frequently used when studying terms 
which are lower order in powers of t. 

Lemma C.6 (Zero order PEL). Let 4> be given such that ||</>||gA < e{ty {vty “ for a,b > 0 and 
suppose C satisfies the bootstrap hypotheses. Then for cq and e sufficiently small, under the bootstrap 
hypotheses we have for all i E {1, 2, 3}, 


^2 /^\ 26—2 

\\A'A,AP<t.,,\i^ < \\AC\\l , (0,16) 

Proof. The proof is essentially the same as Lemma 1C.51 so it is omitted for the sake of brevity. □ 
The next PEL is the primary tool for treating the linear pressure term LP3 in the equation. 
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Lemma C.7 (PEL for CK^i). Let <p he given such that ||0||gA < for a,b > 0 and 

suppose C satisfies the bootstrap hypotheses. Then for cq and e sufficiently small, there holds 


\ WL ^ ^ \l WL 


+ 


{ty 


(z/f3) 


2a 




w 


{ty 


Proof. As in the proof of Lemma IC.51 denote P = and write 

AlP = — G{dY — tdxY P — — tdx)dzP — AtC{dY — tdx)P 

= p £l + ^2 + ^3- 


(C.17) 


(C.18) 


As in Lemma fC.51 we will deduce ()C.17p by applying y to both sides and estimating (IC.lSp . 

Expand each term with a paraproduct in the usual way: 


— ^i;C P ^i\P “ 1 “ 

Erom (I4.6cp . ()4.2h . (I4.4h . (I4.18ah . and (j4.18bp . one can show 
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which is then absorbed on the LHS of the estimate on ()C.18p for cq chosen sufficiently small. 
Turn next to the coefficient error terms and denote 


M{k,r,,l) = 




WL{k,r],l) 

Notice that by Lemma lB.31 it follows that (using that l/2 + s/2 > s), 


dtWL 

WL 


(^k^ + P + \r] - ktf^ 


_< 

1/2 ~ 




(C.19) 


Eor Si-fi we have by Lemma [4.11 (IC.lOp . (14.7p (the low frequency control comes from the hypotheses 
and Lemma IC.IE 
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1 ldtw{t,0 
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AG{f,,l')Hi Low{k,r] - f,l -l')di, 


which by (j4.18ap and Lemma l4.101 implies 
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IV 
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which appears on the RHS of ()C.17E This completes the treatment of Si-c- 

The treatment of £ 2-0 is similar (though one power of time better). The treatment of is 
precisely analogous to Ti;C- iii the terms where the coefficients are in high frequency, the extra 
derivative means we cannot gain a power of time from Lemma l4.ll however, this is balanced by the 
fact that the lower frequency factor is one power of t better than in Si-c- The details are omitted 
for brevity. □ 
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